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A small-x helicity evolution has been derived in 2016–2018 and re-
ceived an important modification in 2022. This article discusses its general
framework and summarizes recent theoretical developments, including the
asymptotic behaviors of helicity PDFs and g1 structure function at small x.
The latest fits to various polarized scattering data are also discussed. The
results from this research program will provide important theoretical inputs
for the future polarized small-x measurements at the EIC.
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1. Introduction

The proton spin puzzle is a longstanding problem in quantum chromo-
dynamics: how much of the proton spin is distributed among the quarks
and gluons? In the late 1980s, the European Muon Collaboration published
the results [1, 2] that only 14% of proton’s helicity comes from that of the
constituent quarks, contradicting the popular belief at the time. Later ex-
perimental results [3, 4] with significant improvement in the uncertainty
still confirm that the quark’s helicity alone does not add up to the proton’s
helicity of 1

2 .
Various spin sum rules [5] are proposed as more general descriptions of

how the proton’s spin is distributed within the partons inside. In particular,
we focus on the Jaffe–Manohar sum rule [6] that allows us to separate the
proton’s helicity into the contributions from the helicities, Sq and Sg, and the
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orbital angular momenta, Lq and Lg, of quarks and gluons inside. Explicitly,
we have

1
2 = Sq + Sg + Lq + Lg . (1)

In particular, the quark’s and gluon’s helicity contributions can be written
in terms of the respective helicity distribution functions (hPDF) as

Sq
(
Q2

)
= 1

2

1∫
0

dx∆Σ
(
x,Q2

)
, (2a)

Sg
(
Q2

)
=

1∫
0

dx∆G
(
x,Q2

)
, (2b)

where ∆G is the gluon hPDF, that is, the difference between the PDFs of
gluons with positive and negative helicity

∆G
(
x,Q2

)
= g+

(
x,Q2

)
− g−

(
x,Q2

)
. (3)

In Eq. (2a), ∆Σ is the flavor-singlet quark hPDF, which can be written out
as

∆Σ
(
x,Q2

)
=

∑
f

[
∆f

(
x,Q2

)
+∆f̄

(
x,Q2

)]
. (4)

Here, ∆f and ∆f̄ are hPDFs of the quark and the antiquark of flavor f ,
respectively. They are defined similarly to Eq. (3). Note that the summation
in Eq. (4) is only over the light quark flavors, typically up, down, and strange.

Owing to the integrals over Bjorken x in Eqs. (2) going all the way down
to zero, no experimental measurement can completely determine the quark
and gluon helicity contributions to the sum rule. The goal of our spin pro-
gram is to fill this gap by constructing the small-x evolution for hPDFs, akin
to the BK/JIMWLK evolution for unpolarized PDFs, with the ultimate goal
of determining their small-x asymptotics. The results will complement ex-
perimental measurements, including those of the future electron-ion collider
(EIC) [7], to provide a more complete understanding of the proton spin
puzzle.

The first version of small-x helicity evolution is the Kovchegov–Sievert–
Pitonyak (KPS) equation, which evolves the quark [8–10] and gluon [11]
hPDFs separately, with the solutions provided in [12–14] and a successful
preliminary global fit performed in [15]. The equation resums αs ln

2(1/x),
where αs is the strong coupling constant. Its corrections at single-logarithmic
approximation (SLA) are calculated in [16], with a summary given in [17].
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More recently, an additional contribution to the quark hPDF has been
discovered [18], leading to the coupling between the quark and gluon hPDFs
in their small-x evolution. This leads to the new KPS-Cougoulic–Tarasov–
Tawabutr (KPSCTT) evolution, which describes both the quark and gluon
hPDFs at small x to the double-logarithmic approximation (DLA) [18]. The
asymptotic solutions in various limits are given [19, 20]. Furthermore, the
complete SLA corrections are in progress [21]. The framework can also be
extended to study the orbital angular momentum (OAM) at small x [22, 23].

This article provides a brief overview of recent developments around the
KPSCTT evolution equation for the quark and gluon hPDFs at small x.
Section 2 defines the necessary objects in the dipole picture of the helicity-
dependent deep-inelastic scattering (DIS) process and outlines how the
small-x evolution is constructed in terms of them. Then, Sections 3 and 4
discuss the evolution equations and the surrounding development in the limit
of large Nc [24] and large Nc & Nf [25], respectively, with Nc(Nf) the number
of quark colors (light flavors). Section 5 discusses the recent phenomenolog-
ical developments. Finally, we conclude and discuss future prospects of the
program in Section 6.

2. Polarized dipole picture and the small-x evolution

The deep-inelastic scattering (DIS), in which an electron exchanges a
virtual photon with a hadron target in such a way that the target is broken
apart, is a useful process to probe the PDFs of partons inside the target
[26, 27]. At small x, the process can be described to a good approximation
by a convolution between the e− → qq̄, i.e. the dipole, wave function, and
the cross section of the dipole–target scattering process [28–31]. This results
in the overall cross section proportional to the CGC average [27] over the
target’s wave function of the trace of a Wilson line and its adjoint,

S
(
x210, zs

)
=

1

Nc

∫
d2

(
x0 + x1

2

)〈
tr
[
V0V

†
1

]〉
(z) . (5)

Here, Vi ≡ Vxi
[∞,−∞] is the light-cone Wilson line at transverse position,

xi, which is defined generally as

Vi

[
x−f , x

−
i

]
= P exp

ig
x−
f∫

x−
i

dx−A+
(
x+ = 0, x−, xi

) , (6)

where P is the path-ordering operator. Diagrammatically, the Wilson line
corresponds to multiple t-channel exchanges of longitudinal gluons at the
eikonal level, i.e. the leading power of the squared center-of-mass energy, s.



7-A8.4 Y. Tawabutr

For hPDFs, the story is similar. However, we now require a helicity-
dependent DIS, for which the cross section of the process where the electron
and the target are aligned in helicities is substracted by that of the process
where the helicities are anti-aligned. The analogous dipole picture holds,
but with either the quark or the antiquark in the qq̄ dipole now becoming
“polarized”, that is, the cross section becomes proportional to the product
between its helicity and the target’s helicity. The polarized (anti)quark now
corresponds to a sub-eikonal (suppressed by a power of s) “polarized Wilson
line”. The latter can be written as [10, 11, 18] (notice the helicity structure)

V1′,1;σ′,σ

∣∣
sub-eikonal = σ δσσ′ δ2 (x1′ − x1) V

pol[1]
1 + δσσ′ V

pol[2]
1′,1 , (7)

where V pol[1]
1 is the “type-1 polarized Wilson line” that describes sub-eikonal

quark (V q[1]
1 ) and gluon (V G[1]

1 ) exchanges antisymmetric in helicity:

V
pol[1]
1 = V

q[1]
1 + V

G[1]
1 (8)

with

V
q[1]
1 =

g2P+

2s

∞∫
−∞

dx−1

∞∫
x−
1

dx−2 V1
[
∞, x−2

]
tb
[
ψ
(
x−2 , x1

)]
β

×U ba
1 [x−2 , x

−
1 ]

[
γ+γ5

]
αβ

[
ψ̄
(
x−1 , x1

)]
α
ta V1[x

−
1 ,−∞] , (9a)

V
G[1]
1 =

igP+

s

∞∫
−∞

dx− V1[∞, x−]F 12
(
x−, x1

)
V1[x

−,−∞] . (9b)

Here, P+ is the (large) longitudinal momentum of the target. These type-1
polarized Wilson lines induce the definition of the “type-1 polarized dipole
amplitude”

Q
(
x210, zs

)
=

zs

2Nc

∫
d2

(
x0 + x1

2

)
×Re

〈
T tr

[
V

pol[1]
1 V †

0

]
+T tr

[
V0V

pol[1]†
1

]〉
(zs) , (10)

where T is the light-cone time-ordering operator.
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In Eq. (7), V pol[2]
1′,1 is the “type-2 polarized Wilson line” that describes

sub-eikonal gluon exchange symmetric in helicity1. Its explicit form is

V
pol[2]
1′, 1 = V

G[2]
1′, 1 = − iP

+

s

∞∫
−∞

dz− d2z V1′ [∞, z−] δ2 (x1′ − z)

× ⃗D
i (
z−, z

)
D⃗

i (
z−, z

)
δ2 (x1 − z) V1[z

−,−∞] , (11)

where the covariant derivatives are defined such that D⃗
i
= ∂⃗

i
− igAi and

⃗D
i
= ⃗∂

i
+ igAi. This type of the Wilson line was not included in the original

KPS equation [9, 10], but it was discovered to add a vital contribution to
helicity at small x, leading to a more recent KPSCTT equation [18]. Now,
the transverse integral of

Re
〈
T tr

[
V

pol[2]
1′,1 V †

0

]
+ (c.c.)

〉
(zs) (12)

can be more conveniently written as a transverse integral (with a different
kernel) of

G2

(
x210, zs

)
=

zs

2Nc

∫
d2

(
x0 + x1

2

)
ϵijxj10
x210

×
〈
tr
[
V †
0 V

iG[2]
1

]
+ tr

[
V

iG[2]†
1 V0

]〉
(zs) , (13)

where x10 = x1 − x0 and

V
iG[2]
1 =

P+

2s

∞∫
−∞

dx− V1[∞, x−]
(
D⃗i

(
x−, x1

)
− ⃗D

i (
x−, x1

))
×V1[x−,−∞] . (14)

We define the quantity in Eq. (13) as the “type-2 polarized dipole ampli-
tude” [18].

At small x, the polarized dipole amplitudes allow us to calculate the g1
structure function and parton hPDFs. Explicitly, we have

1 It is curious how a sub-eikonal contribution that comes in with the identity matrix in
helicity space contributes to helicity in general. This may result from the difference
between the helicity basis employed in the Brodsky–Lepage [32, 33] spinor and the
true helicity basis that is based on the direction of the particle’s momentum. See
footnote 3 in [18] for more details.
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g1
(
x, Q2

)
= − Nc

4π3

∑
f

Z2
f

1∫
Λ2/s

dz

z

∫
dx210
x210

×
[
Q
(
x210, zs

)
+ 2G2

(
x210, zs

)]
, (15a)

∆Σ
(
x, Q2

)
= −NcNf

2π3

1∫
Λ2/s

dz

z

∫
dx210
x210

[
Q
(
x210, zs

)
+ 2G2

(
x210, zs

)]
, (15b)

∆G
(
x,Q2

)
=

2Nc

αsπ2

[
1 + x210

∂

∂x210

]
G2

(
x210, zs

) ∣∣∣∣
x2
10=1/Q2

. (15c)

The small-x evolution for helicity is more conveniently expressed in terms of
the polarized dipole amplitudes, the results of which allow us to determine
the g1 structure function and the parton hPDFs using Eqs. (15).

The KPSCTT evolution is formulated in term of a polarized qq̄ dipole
interacting with the target in a shockwave2. Each step of evolution cor-
responds to shrinking the shockwave so that it excludes one extra parton
emission and absorption, for which we now employ the “light-cone operator
treatment” (LCOT) method to calculate [10, 11, 18]. The LCOT method is
a mix between the light-cone perturbation theory (LCPT) [32, 33] and the
background field method [34, 35]. This gives an integral evolution equa-
tion that relates the original dipole to not only other dipoles, but also
quadrupoles [9], so that the complete solution for the dipole also requires
us to solve the evolution equation for the quadrupole, and so on. This is
the helicity counterpart of Balitsky’s hierarchy [36, 37], making it difficult
to directly solve the evolution equation for the polarized dipole amplitudes.

3. Large-Nc limit: the gluonic world

The KPSCTT evolution becomes a closed system of integral equations
once we take the large-Nc limit [24], make the mean-field approximation,
and remain in the regime of moderately small x in which the unpolarized
small-x evolution has not taken off. Furthermore, the equation linearizes if
we perform the calculation within the pre-saturation regime3 [9, 18].

2 The notion follows from the fact that the interaction time scale is short at small x.
3 Since the KPSCTT evolution is double-logarithmic, resumming αs ln

2(1/x), its
“small-x” regime kicks in at larger x = x0 than the small-x regime for the unpolarized
BK/JIMWLK small-x evolution. In this regime of 0.01 ≲ x ≲ 0.1, one can employ
the KPSCTT evolution while keeping the unpolarized dipole amplitude, S(x2

10, zs),
at its moderate-x initial condition. For x ≲ 0.01, we also need to include the SLA
corrections to the KPSCTT evolution as well, c.f. [16] for further discussion.
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As quark exchanges are suppressed at large Nc, the type-1 polarized
dipole amplitude, Q(x210, zs), is approximated by the term coming only from
the type-1 sub-eikonal gluon exchange, denoted by G(x210, zs). Then, the
KPSCTT equation reduces to a system of linear integral equations that can
be written schematically as4

G
(
x210, zs

)
Γ
(
x210, x

2
21, zs

)
G2

(
x210, zs

)
Γ2(x

2
10, x

2
21, zs)

 =


G(0)

(
x210, zs

)
Γ (0)

(
x210, x

2
21, zs

)
G

(0)
2

(
x210, zs

)
Γ

(0)
2

(
x210, x

2
21, zs

)

 (16)

+
αsNc

2π

∫
dz′

z′

∫
dx232
x232

K
(
x210, x

2
21, zs;x

2
32, z

′s
)


G
(
x232, z

′s
)

Γ
(
x210, x

2
32, z

′s
)

G2(x
2
32, z

′s)

Γ2
(
x210, x

2
32, z

′s
)
 ,

where the 4×4 matrix, K, is the evolution kernel and Γ (Γ2) is the “neighbor
dipole amplitude” for G(G2). In particular, Γ (x210, x221, zs) is the type-1
amplitude with physical transverse size x10 but lifetime x221z [9, 10, 18].
The initial condition should ideally be taken based on the amplitudes at
moderate x, although the evolution generates the power-law growth in the
amplitudes that quickly dominates the effects of the initial condition [12, 13,
18].

Solving Eq. (16) and plugging the high-energy asymptotics of the ampli-
tudes into Eqs. (15), we obtain the small-x asymptotics of the form

g1
(
x, Q2

)
∼ ∆Σ

(
x, Q2

)
∼ ∆G

(
x,Q2

)
∼

(
1
x

)αh

√
αsNc/2π , (17)

where the “intercept”, αh, is a parameter associated with the large-Nc evolu-
tion kernel. It is αh that we need to determine when we solve the evolution
equations of this kind for the small-x asymptotics.

In 1990s, Bartels et al. (BER) calculated the parton helicity using the
infrared renormalization evolution equation (IREE) approach, whose results
included the small-x regime [38]. In the large-Nc, i.e. pure-gluon, limit, the
intercept was found to be αh = 3.66.

Originally, with the KPS evolution, the quark and gluon hPDFs relate to
different dipole amplitudes that evolve separately. This results in αh = 2.31
for quarks [12, 13] and αh = 1.88 for gluons [11], both of which significantly
disagree with BER [38]. Now, with the KPSCTT evolution, both hPDFs
have the same intercept. A numerical calculation performed in [18] gives

4 The complete evolution equation is given in [18].
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αh = 3.66, seemingly agreeing with BER [38]. However, the most recent
calculation shows that the analytic expressions for αh disagree with αh ≃
3.661 for KPSCTT and αh ≃ 3.664 for BER [20]. Hence, in the end, there
remains a slight discrepancy in the small-x asymptotic behaviors predicted
by KPSCTT and BER, which requires further study.

4. Large-Nc & Nf limit: bringing back the quarks

Recall from Section 2 that the polarized Wilson line involves both gluon
and quark exchanges, in contrast to the unpolarized Wilson line that only
involves gluon exchanges. As a result, the large-Nc limit, in which all quark
exchanges are neglected in favor of the gluons [24], is not as good of an
approximation in the helicity evolution as it has been in the unpolarized
small-x evolution such as BFKL or BK [9]. This warrants a more realistic
limit in which the KPSCTT evolution becomes closed: the large-Nc&Nf

limit [25]. Here, we take Nf/Nc to be a fixed parameter of the order of
unity, as opposed to the large-Nc limit in which we assumed Nf ≪ Nc

right away. Consequently, the quark exchanges are now included in the
calculation, although the gluon lines are still approximated by color-octet
qq̄ pairs. This requires us to distinguish between a type-1 dipole, Q(x210, zs),
that contains a true quark and another type-1 dipole, G̃(x210, zs), whose q
and q̄ are both parts of gluons [9, 10, 18]. The type-2 dipole is still described
by G2(x

2
10, zs).

The large-Nc&Nf evolution equation is a closed system of integral equa-
tions, which linearize under the mean-field approximation. The system in-
volves 3 dipole amplitdes — Q, G̃, and G2 — together with their respective
neighbor dipole amplitudes — Γ̄ , Γ̃ , and Γ2. The equation can be written
schematically in a similar manner as Eq. (16) but with 6 distinct polarized
dipole amplitudes in the row vectors and a different kernel made of a 6× 6
matrix.

With Nc = 3 quark colors, as long as we keep the number of flavors, Nf ,
at 5 or below, the resulting small-x asymptotics for the g1 structure func-
tion and the hPDFs obey the power law with intercept α(Nf)

h similar to the
large-Nc case, such that for each Nf , we have [19]

g1
(
x, Q2

)
∼ ∆Σ

(
x, Q2

)
∼ ∆G

(
x,Q2

)
∼

(
1
x

)α(Nf)
h

√
αsNc/2π . (18)

The numerical calculation shows that α(Nf)
h decreases as Nf increases [19].

However, α(Nf)
h appears to differ from the BER intercepts [38] by up to 3%

for Nf = 2, 3, and 4. This is a much greater discrepancy than what we got at
large Nc, and it provides even clearer evidence that the small-x asymptotic
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behaviors obtained from the KPSCTT and BER evolutions are different. A
possible cause could be a minor difference in the ways hPDFs and g1 are
defined within the IREE and the CGC frameworks. Although the resolution
of this issue remains under investigation, the difference between the current
and the final results should not exceed the present level of discrepancy, which
is relatively minor.

Another remarkable result from the large-Nc&Nf evolution is in the cases
where Nf ≥ 6. Here, the hPDFs and the g1 structure function not only grow
in the magnitudes as a power law with 1

x , but the asymptotic form also gets
multiplied by a sinusoidal function of 1

x [19]. However, since the derivation
of KPSCTT is performed using the massless approximation, the equation
becomes potentially inaccurate when 6 quark flavors are included.

Finally, it is worth noting that the small-x asymptotic behavior given in
Eqs. (17) and (18) is only valid at the DLA level of the helicity evolution.
For sufficiently small x, the SLA corrections and the unpolarized BK evo-
lution of S(x210, zs) has to be included in the calculation of the asymptotic
form. In such regimes, the running of the coupling should also come into
consideration. Recently, all such corrections for the original KPS equation
have been derived [16]. Now, with the additional dipole amplitude of type
2, the corrections are expected to receive more contributions. This is a work
in progress [21]. Qualitatively, since the BK evolution leads to parton satu-
ration, it is reasonable to expect that the growth in Eqs. (17) and (18) will
be tamed at smaller x with the complete SLA corrections. As for the case
of Nf = 6, the results show that the period of oscillation is long, spanning
many units of rapidity. Thus, it is also likely that the SLA corrections will
come in and change the asymptotic form in a qualitative way before any
sign flip could take place.

5. Phenomenological development

To date, a fit to the actual polarized DIS data has only been performed
using the large-Nc limit of KPS evolution equation [15]. This work includes
122 data points from various polarized DIS measurements with x < 0.1 and
Q2 > m2

charm. The initial condition for the type-1 polarized dipole amplitude
of each light quark flavor takes the Born-inspired form of5

G(0)
q

(
x210, zs

)
= aq ln

zs

Λ2
+ bq ln

1

x210Λ
2
+ cq , (19)

where aq, bq, and cq are obtained from a fit to the data at moderate x.

5 The large-Nc KPS equation only contains the type-1 polarized dipole amplitude,
G(x2

10, zs) and its neighbor dipole amplitude. In an actual fit, however, the ampli-
tudes for different quark flavors must be distinguished.
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This work sees a significant improvement in the fit in terms of χ2 per
degree of freedom, which decreases from 1.07 in [39] to 1.01 [15]6, if the
evolution is set to begin at x0 = 0.1. Setting x0 too high leads to a poor fit,
which is expected because the KPS evolution was derived for small x.

Most importantly, the fit is capable to constrain the quark helicity’s
contribution to the proton spin7. For instance, at scale Q2 = 10 GeV2, the
quark helicity is expected to account for negative 10–20% of the proton spin,
as long as the starting point, x0, of the KPS evolution is close to 0.1, where
the fit to the polarized DIS data is the best.

In light of the recent theoretical development, particularly the addition
of the type-2 dipole, an updated fit is being performed with the large-Nc&Nf

limit of the KPSCTT equation [40]. Due to the significant increase in the
number of degrees of freedom, the fit requires additional data to sufficiently
constrain the parameters. Hence, a new fit will employ not only the polarized
DIS but also the polarized SIDIS data. Finally, a running coupling prescrip-
tion is necessary to tame the growth of hPDFs in the KPSCTT equation
until the SLA corrections are included.

6. Conclusion

In this article, we outline our method to construct the small-x helicity
evolution equation in the CGC framework. Within the shockwave formalism,
the evolution equation was derived, first by KPS involving only the type-1
dipole amplitude [9–11]. More recently, the type-2 dipole amplitude is added,
leading to the KPSCTT equation [18].

Both versions of the helicity evolution equation do not close in general,
but instead form hierarchies of evolution equations that depend on increas-
ingly complicated objects besides the qq̄ dipoles. However, the equations
become a closed system of linear integral equations in the large-Nc and the
large-Nc&Nf limits with mean-field approximation. In each limit, the KP-
SCTT evolution still leads to a minor difference in the asymptotic behaviors
of hPDFs and g1 [18, 19], when compared to the BER helicity evolution [38].
The cause of the disagreement is under investigation.

A fit to the polarized DIS data has been performed successfully for the
KPS evolution at large Nc [15]. An updated fit using the large-Nc&Nf KP-
SCTT evolution is in progress, employing the polarized DIS and SIDIS data.
The new version of the fit will also include running coupling prescriptions
to the evolution.

6 Since the former performs the fit for all values of Bjorken x, it employs 2515 data
points [39]. This is much greater than 122 data points employed in the latter, which
only includes small-x data [15].

7 Note that no such conclusion can be drawn about the gluon helicity’s contribution
because the KPS equation separates the quark hPDF from the gluon’s [9–11], in
contrast to the KPSCTT equation in which they essentially couple to each other [18].
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The SLA corrections have been calculated for the KPS evolution [16],
and the additional contributions required for the KPSCTT evolution are
in progress [21]. The resulting equation will incorporate non-linear small-x
evolution, including saturation effects, into the formalism.

Finally, the framework can be modified to calculate the parton’s orbital
angular momentum at small x [22], whose update is also in progress to be
consistent with the KPSCTT evolution [23]. With all these theoretical re-
sults, together with future polarized small-x measurements from the EIC [7],
a clearer picture of the small-x contribution to the proton spin puzzle will
become available for all the terms in the Jaffe–Manohar sum rule [6].
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