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Resonance pole positions of the f0(500) alias σ(500) meson are com-
puted and plotted as a continuous function of pion mass in the framework of
a unitary and analytic coupled-channel model for scalar mesons as dynam-
ical qq̄ states. The σ is described with a light and a strange qq̄ seed, mixing
with each other mainly through the common ππ, KK̄, and ηη meson–meson
channels. The few model parameters are fitted to experimental S-wave ππ
phase shifts up to 1 GeV, yielding, in the case of the physical pion mass,
resonance poles at (460− i222) MeV for the σ(500) and (978− i37) MeV for
the f0(980). Resonance, bound-state, and virtual-state pole trajectories are
shown as a function of mπ running from 139.57 MeV to 1 GeV. These are
compared to recent lattice QCD computations that use interpolating fields
corresponding to the model’s channels, i.e., for a few discrete mπvalues.
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1. Introduction: light scalar mesons as dynamical qq̄ states

The light scalar mesons f0(500) (alias σ(500)), f0(980), K⋆
0 (700) (alias

κ(700)), and a0(980) [1] have been haunting theorists and experimentalists
for more than the past half-century (see e.g. the minireview in Ref. [2]).
Their PDG experimental status only stabilised in 2018, with the above name
and mass assignments, thus confirming that they form a complete SU(3)-
flavour nonet, as already proposed by Jaffe in 1977 [3]. However, in his
approach, the light scalars were described as ground-state q2q̄2 (“tetraquark”)
states, owing their low masses to a very large attractive colour-hyperfine
interaction in the framework of the MIT Bag Model [4], resulting in the
predictions of ϵ(650), S⋆(1100), κ(900), and δ(1100), with ϵ, S⋆, and δ being
the then used PDG names of the σ(500), f0(980), and a0(980), respectively.
However, Jaffe himself already warned [3, 5] that the usual accuracy in
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calculating qq̄ masses should not be expected in his q2q̄2 model for the light
scalars, which ignores decay processes for two very broad states (ϵ/σ and κ).
Moreover, he emphasised [3, 5] that his tetraquarks can simply fall apart
into two mesons, not requiring the creation of an additional qq̄ pair. In
other words, such decay strengths are of the order of N0

c , instead of N−1
c

for ordinary mesons. For more discussion on other non-exotic tetraquark
candidates and tetraquarks (besides pentaquarks) in lattice simulations, see
the reviews in Refs. [6] and [7], respectively.

In an alternative approach, my co-authors and I showed [8] that the
σ(500) can be dynamically generated as a qq̄ resonance in a coupled-channel
quark–meson model, as an extra state emerging from the ππ continuum be-
sides a regular P -wave qq̄ scalar around 1.3 GeV. Moreover, even a rough
description of the S-wave ππ phase shifts resulted [8] from a model [9] calcu-
lation with unchanged parameters (see Fig. 1, left-hand plot). Application,
without any new fit, of the same model to the complete scalar nonet [10]
yielded resonance pole positions that are still within current PDG bounds [1],
viz. f0(470−i208), f0(994−i20), K⋆

0 (727−i263), and a0(968−i28), employ-
ing here their modern PDG designations. (See also Fig. 1, right-hand plot,
for a crude reproduction [10] of the S-wave ππ phases.) A much more re-
cent yet largely equivalent unitary multichannel model [12], now formulated
in momentum space in the framework of the so-called Resonance-Spectrum
Expansion (RSE) [11], was fitted to S-wave ππ phase shifts up to 1.6 GeV
and the a0(980) line shape, resulting in f0(500), f0(980), f0(1370), a0(980),
and a0(1450) pole positions compatible with their PDG [1] entries.
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2. For resonances we can conpute scattering properties in the scattering channels. 

In fig. 8, 9 and 10 we have conçared the results (reoeitoer: no final s tate inter­

actions in the present version of our model!) with the available data. 

3. On the Influence of three or more particle decays, the following remarks can be 

made: Although \jp t i l l now we have not done a cooçlete calculation, we have some 

information available on this point, dealing with the ш(7 5) meson. Ihia resonance 

can only decay into Зт. Ihis decay, however, can be explained as a resonance in the 

virtual ρ-π scattering process. The cascade of р-ш * 3it, can for this resonance be 

imitated by giving the ρ-meson mass in the ρπ channel an imaginary part, which 

inmediately amounts in the right width for the u-meson. In th is case we also found 

that turning on the width of the p-mass leads only to a small sh i f t in the resonance 

position of the ω-mescn, which demonstrates the point that the three particle decay 

channel has not much influence albeit essential for the width of the m-meson. That i t 

i s reasonable to assume that the (o-meson decays via the above described virtual 

process, can be checked at the φ-meson, which contains a small admixture of a pure 

isosinglet nñ state and therefore has a small width into Зт decay. Here i t i s known 

that more than 80% of this decay goes, via the (in th is case real) P» two-particle 

decay. Ihis exaiple we generalize to a l l cases, concluding that i t i s safe to neglect 

three or more particle decay for a f i rs t rough description of a hadron. 

4. There i s another surprise which should be mentioned at the end of th is talk, 

namely that the bare spectrum not only deviates from the physical spectrvan in the 

respect that they lead to different "masses", but even that the nunber of states might 

differ for both spectra. An ехалріе i s the I J = 0 0 resonance at .5 GeV, which 

as the o-meson disappeared from the particle properties tables already long ago. Ihis 

resonance can easi ly be explained as a pole in the S-matrix for ππ scattering in the 

model of [5, 6 ] . The bare spectrun has a pole at about 1.3 GeV. If we turn on the 

couplings to the scattering channels to the values which give the best overall f i t 

for the mesons, we do not find one but two poles in the conplex energy plane, at about 

.5 GeV and 1.3 GeV central values. One has i t s origin at inf inite negative imaginary 

part in the energy, the other comes from the bare spectrum. But which one i s connected 
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Fig. 2. Cross-section ~/n S-wave. The solid line is out model 
calculation. The data are taken from [ll] 

Figure 1 shows also that the new structures at 
low energies are in reasonable agreement with the 
experimental situation. A criticism which might 
come up if one inspects this figure in more detail is 
that the theoretical phase shifts do not fit the data 
to a high precision, but only follow roughly the 
experimental slope in the data. This is however not 
a fair criticism since we are comparing our calcu- 
lations with the ' raw data '  with unsubstracted back- 
ground, which are presently the only available data. 

In our model we left out of consideration all 
possible final state interactions in the scattering 
channels like mesons exchange, Pomeron exchange, 
quark interchange etc. Moreover, the form of the 
transition potential may be too simple, for example 
we have taken a local transition potential and it 
could also have a more complicated r-dependence 
due to more sophisticated meson-decay form-factors. 
So our calculations better do not follow the data 
very accurately. It remains however a pity that no 
analysis exists for meson meson scattering which 
subtracts the known effects and leaves us with the 
consequences of the remaining interactions, a strat- 
egy which is nowadays popular  in analyzing nu- 
cleon nucleon scattering data [26], because then we 
could really see how good the remaining interactions 
are accounted for in our approach. From our pres- 
ent calculations we must conclude that final state 
interactions will probably alter the phase shifts a bit 

in the region around 600MeV in order to change 
the slope of the curve towards the data. Note that 
the phase shifts for low energies are almost com- 
pletely accounted for by the coupling to the per- 
manently closed q q channels. 

In t/n S-wave scattering the data are limited to 
cross-sections in the energy domain of the 6. Here 
we found that straightforward calculations lead to 
problems with the position of the c~ resonance. We 
suspect that these problems are connected to the 
U(1) problem. Our strategy in this case will be dis- 
cussed below, the result is depicted in Fig. 2 where 
we shifted the calculated cross-section by 20 MeV in 
order to get the peak values of the experimental and 
the theoretical curves on top of each other. 

The results for K n are depicted in Fig. 3. We see 
there that the phase shifts for low energies are rather 
well produced by the model, at higher energies only 
a rough description of the data is given: The num- 
ber of resonances at some energies agree with the 
data but the detailed structure is not reproduced at 
all. Also here we have problems which are pre- 
sumably related to the U(1) problem. 

In previous investigations [19] we took a non- 
strange quark content for the r /meson  and a strange 
quark content for the t/' meson which is called ideal 
mixing. The data in the case of scalar mesons are 
however more sensitive to the quark contents of the 
~'s and we found the following: The r/K channel in 

Fig. 1. S-wave ππ phase shifts (full lines) from Refs. [8] (left) and [10] (right).
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The present study deals with the σ(500) showing up as a bound state
(BS), virtual (bound) state (VBS), or resonance, depending on the model
choice of an unphysical large pion mass. The goal is to compare these pre-
dictions to the recent lattice QCD (LQCD) calculations in Refs. [13–16], in
which it has not yet been possible to obtain stable signals for the physi-
cal mπ and only a few larger pion masses have been used. Thus, I focus
here exclusively on real and complex σ(500) pole positions as a continuous
function of mπ, in a restricted version of the RSE model of Ref. [12]. It is
limited to the nn̄ ≡ (uū+dd̄ )/

√
2 and ss̄ quark–antiquark channels coupled

to the ππ, KK̄, and ηη two-meson channels. These channels correspond
to the interpolating fields used in the LQCD computations of Refs. [14–16],
while Ref. [13] only did not include an ηη interpolator. The three RSE
model parameters are fitted to the S-wave ππ phase shifts up to 1 GeV,
with the corresponding Tππ→ππ amplitude symbolically depicted in Fig. 2.
For further model details, see Ref. [17]. The resulting fit to the ππ phases
is quite good, especially at low energies (see Ref. [17] for a plot), besides a
very reasonable S-wave ππ scattering length a00 = 0.211m−1

π . Also, the ex-
tracted pole positions σ(460–i222) and f0(978–i37) are again inside PDG [1]
limits. In Section 2, I shall present the resulting σ pole trajectories in the
complex E and k planes.

Tππ→ππ =

π

π

π

π
nn̄, ss̄

+

π

π

π,K, η

nn̄, ss̄
π, K̄, η

nn̄, ss̄

π

π

+ . . .

Fig. 2. Graphical representation of the model’s Tππ→ππ amplitude.

2. σ(500) pole trajectories as a function of mπ

Starting at the physical mπ, we see in the two plots of Fig. 3 how the
σ pole evolves from a regular resonance to a subthreshold one for mπ ≈
231 MeV and then ends up on the real E and negative imaginary k axis.
We will see below that this amounts to one complex pole turning into a pair
of real E or imaginary k poles, respectively. Such subthreshold resonances
are exclusive to S-waves (see e.g. Ref. [18]). Finally, Fig. 4 displays the
real trajectories corresponding to BS and VBS states for mπ ≥ 261.57 MeV.
Thus, these trajectories are double-valued functions of mπ, with a left-hand
VBS for each BS or right-hand VBS, in full agreement with the σ pole
trajectories as a function of the overall coupling constant in Refs. [12, 20].
For an earlier study of the σ as a function of mπ, in the context of unitarised
chiral perturbation theory, see Ref. [19].
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Figure 1: Resonance energy pole as a function of mπ
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Figure 1: Resonance momentum pole as a function of mπFig. 3. σ(500) resonance pole trajectories as a function of mπ. Left: complex E

plane; Right: complex k plane. Points mπ = 236 MeV: value chosen in Ref. [13].
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Figure 1: Virtual energy poles as a function of mπ
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Fig. 4. (Colour on-line) σ(500) real pole trajectories as a function of mπ.
Green/light grey: BS; blue/black: first VBS; red/grey: second VBS. Left: com-
plex E plane; Right: complex k plane. Points mπ = 391 MeV: value chosen in
Refs. [13, 14, 16].

3. Comparison to recent lattice QCD computations

In Refs. [13–16], LQCD computations of the σ(500) were presented for
pion masses of 236/391, 391, 283/330, and 239/283/330/391 MeV, respec-
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tively. In Refs. [13, 14], a BS was found for mπ = 758 (4) and 745 (5) MeV,
respectively, to be compared to 710 MeV in the unchanged present model.
However, if the kaon and η masses are taken at the values fixed in Ref. [14]
and a phenomenological subthreshold suppression of the KK̄ and ηη is in-
cluded as in Ref. [12], the BS mass increases to 752 MeV. Turning to the
σ resonance computations in Ref. [13], widely spread out pole positions were
presented, resulting from different parametrisations used to extrapolate the
found real amplitudes into the complex plane. The central values of these
poles came out in a range of about 590–760 MeV for the real parts and
approximately 280–460 MeV for the widths, with error bars of the order
of ±80 MeV. Thus, all these poles lie clearly above the ππ threshold at
472 MeV, to be contrasted with the subthreshold resonance poles in Fig. 3,
namely for mπ between 231 and 261 MeV.

Still, in the bound-state case, two further pion masses were explored
in Ref. [15], viz. mπ = 283 and 330 MeV. From these calculations, the
authors concluded that a transition from a BS to either a VBS or a resonance
below the threshold occurs somewhere between these two pion masses, with
a favoured scenario of a VBS in a narrow interval of mπ before the pole turns
into a subthreshold resonance. This is in agreement with the pole behaviour
in Fig. 4, with the BS → VBS transition taking place at mπ ≈ 292 MeV.

Finally, in Ref. [16], a significant improvement was obtained regarding
the σ resonance poles for mπ = 239 MeV, being equivalent to the value
of mπ = 236 MeV reported in Ref. [13]. This was achieved by employing
dispersive methods, resulting in a range of 498–586 MeV for the real parts
of the poles and 394–506 MeV for the widths, with a maximum error of
±82 MeV. Thus, these results are compatible with a possible subthreshold
resonance in the case of mπ = 239 MeV, at least for two parametrisations
[16]. However, there is still a serious disagreement with the model prediction
of the σ width for this pion mass, which is about 220 MeV (see Fig. 3).

In conclusion, it would be very clarifying if a few further pion masses
between 239 and roughly 300 MeV could be explored in the referred LQCD
computations in order to verify an inevitably very fast decrease of the
σ width towards zero in this relatively narrow mπ range. Furthermore,
I would also consider it interesting to see if some kind of σ resonance pole
can survive if no qq̄ interpolators are included besides the two-meson ones
ππ, KK̄, and ηη. A similar study was carried out in the LQCD calculation
[21] of the axial-vector charmonium-like meson χc1(3872) (alias X(3872)),
concluding that this state does not survive if no cc̄ interpolator is included.

I am indebted to R.J. Perry, University of Barcelona, for having drawn
my attention to the very recent LQCD calculations in Refs. [15, 16].
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