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We review the recent developments in the use of the homotopy method
for solving the non-linear evolution equation for the diffractive production
in deep-inelastic scattering. We introduce part of the non-linear corrections
in the linear term. This simplified non-linear evolution equation is solved
analytically taking into account the initial and boundary conditions for the
process. It turns out that these corrections are rather small and can be
estimated in the regular iterative procedure.
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1. Introduction

In this paper, we present a procedure to solve the non-linear equations
for a diffractive process that in QCD govern the dynamics in the saturation
region. In our previous paper [1, 2|, we found a solution of the Balitsky—
Kovchegov (BK) equation [3, 4] that gives the dipole scattering amplitude
using the homotopy approach. It has been shown that this approach allows
us to collect all essential contribution into the linear equation which can be
solved analytically, and to propose an iteration procedure, which is partly
numerical and leads to small corrections.
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For diffractive production, we have several different kinematic regions
for NP, where agiigole(rb Y,Yy) = [ d®b NP(r,,Y, Yo; b) is the cross section
of diffractive production with the rapidity gap larger than Y. The non-
linear evolution equation for NP (Y, Yy, 710;b) that describes this diffraction
production in deep inelastic scattering has been derived in Ref. |5] and has

the following form:

ONP(Y,Yy,r10;b)  as / o Xf
=5 | dras—
oY 21 Ty T1o

x { N1y + Ny — Ny + NZNgy — 2N13Nag — 2N12 Ny + 2N1aNao ), (1)

where N, = N(Y;r;;b) is the elastic scattering amplitude of a dipole with
size r;;, and rapidity Y, and Nl% = NP(Y; Yy, rix; b) is the cross section of
the diffractive production with the rapidity gap larger than Y at the impact
parameter b for the same scattering process.

In general, the homotopy method can be used as an effective procedure
for solving an equation of the form L[u] + Ng[u] = 0, where the linear part
L[u] is a differential or integral-differential operator, and the non-linear part
N [u] has an arbitrary form. To solve it, we introduce the following equation
for the homotopy function H(p,u): H(p, u) = Lup] + pNg[up] = 0. Solving
this expression, we reconstruct the function

Up (Y7 510,5) = ug (Y7 flo,g) +puy (Y, 5510,5) +p? ug <Y7 55'10,5)+- - (2)

with Llug] = 0. Equation (2) gives the solution to the non-linear equation
for p = 1. The hope is that several terms in this series will give a good
approximation to the solution of the non-linear equation.

The linear equation is obvious in the perturbative QCD region (see
Fig. 1), where it is the BFKL equation. However, we will show that in-
side the saturation region (see Fig. 1), we can find the linearized equation
based on the approach of Ref. [6]. We demonstrate that the non-linear term,
which includes the remains of the non-linear corrections, leads to small con-
tributions and can be treated in the perturbation approach. This aspect has
been discussed in Ref. [2], whose results are here briefly described.

The kinematic region where we are looking for the solution for the scat-
tering amplitude of a dipole (x190 = r) with a nucleus target in the plot
with & and ¢ axes is shown in Fig. 1, where ¢ = In(23, Q3(Y = Y4, b)) and
& = In(Q3(Y)/Q3(Y = Ya,b)). One can see that for z < 0 we have the
perturbative QCD region where the non-linear corrections are small and we
can safely use the BFKL linear equation for the scattering amplitude. The
geometrical scaling variable z is defined as z = In(r? Q?(dY,b)) = & + &,
with the saturation moment Q2(Y) = Q2(Y4) e *(Y=Ya) x — 488 and Y4
denotes Y4 = In AY/3, where A is the number of nucleons in a nucleus.
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Fig.1. Saturation region of QCD for the elastic scattering amplitude with kK =
’f%;) and x(v) is the BFKL characteristic function. The critical line (z = 0) is
shown in red. The initial condition for scattering is given at & = 0 and for heavy
nuclei, the initial condition is shown by the blue line. At the vertical blue dotted

line & = 564, the amplitudes described in regions I and II are matched.

For z > 0, the non-linear corrections become essential and we enter the
saturation region. For the scattering with nuclei, the saturation region can
be divided into two parts. For £ < {64, the amplitude has the geometric
scaling behaviour [1] and depends only on one variable, z. For & > SOA, this
geometric scaling behaviour is broken. This process can be characterized by
two kinematic regions: for r; Qs(Yp) < 1 and r; Qs(Y — Yp) < 1, we can
replace N by the BFKL Pomeron. For r; Qs(Yp) > 1 and 7 Qs(Y —Yp) < 1,
the elastic amplitude is in the saturation region and the production of gluons
can be computed using the BFKL Pomeron exchange. Finally, r; Qs(Yy) > 1
and ) Qs(Y —Yp) > 1 is the kinematic region where non-linear corrections
for gluon production are essential.

It turns out that Eq. (1) can be rewritten in a simple form introducing
a new function,

N (2,5?,51/0) — 9N (z,(sf/) _ NP (z,(sf/,(syo) , (3)

where N(z,0Y) is the solution of the BK equation. The new variables §Y°
and dY; are defined as 0Y = as(Y —Yy) and 6Yy = ag(Yp — Yy). This
function has clear physics meaning: the inelastic cross section of all events
with a rapidity gap from Y = 0 to Y = Y. Then, Eq. (1) in terms of the
function N takes the form of the BK equation, viz.

ONo1 _a /d2 To2  xd

N, Niz — NoaN12 — N 4
Y% o 180l {Noz + N1z — NoaN12 — Not1 } (4)
with the initial conditions N(z — z,0Y = 0Yp,8Yy) = 2N(z0,0Yp) —
N2(29,68Yp); it holds only in region I, while in region II, we have to use a more
general expressions for the elastic scattering amplitudes (see Ref. [1]).
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Our strategy for finding a solution looks as follows: first, we solve Eq. (4)
with No; = 1 — AP, and after that we return to Eq. (1).

2. Modified homotopy approach for Ag
and numerical estimation for AP

Including part of the non-linear term into the definition of L£[ug], we can
find the solution to the non-linear equation of Eq. (4), suggested in Ref. [1].
Following the main ideas of Ref. [6], we solve Eq. (4) replacing N(z, Yy) by
1 — AP(z,0Yy). For this function, the equation takes the form

6A0D1 _ d? zg2 xm D
= ARAR, — A 5
o =as [ S {ahAD - Ay (5)

with the corresponding initial conditions for A(]]Dl. We suggest to simplify
the non-linear term replacing it by

d2 02 ac / 7
/ o 22 0; AOQA - AOl/dZ,Ag)Q :A0D1 C—/dZ/A(% - (6)
02 *12
0 z

This contribution stems from the region zgs < xo1 (see Ref. [6]) and, to
find the solution AP, we need to solve the equation L(AOD) = 0. Introducing
AP (2,&) = exp(—020)(2,&,)), we can obtain the next general equation (& =
kOY),
32(2(0) _ 208 (7)
358 0z

which in region I has the travelling wave solution (Ref. [7]) with the geometric
scaling behaviour that can be found from the following implicit equation:

0n(0)

u (9(0,1)7 / z = \/z (z+C2), (8)

o0 \/Q + exp(—12/) — 2

where Cy as well as Qéo) can be found using the boundary conditions. We

can solve Eq. (8) for 2(%D(2) and obtain A(()O’I) which is given by

k 1 _ K kJr%
A(()OJ)(Z) = Apr(z) exp ( Z ok kl(zk 1)>2(§f|— 1)) AIET(Z)) 7
k= Zz—Z
(9)
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where App(z) = exp(— (Zz_ ?2) is the Levin-Tuchin solution [6]. In region II,

QO (7 &) is described by the equation

820(0’11)(Z,t) B 329(0711)(2,75) 1 (1 B e,mo,H)(z,t))
922 ot? K ?

(10)

where z = & + € and t = & — £, whose solution is given again by the
implicit travelling wave solution U(2(1) (2)) (see Eq. (8)). Therefore, for
A (2 1), we have

X0 (=D)R N2k — D) (26)FF2
= kLKl (1 + 1)z + vt — 2)2(kF2

AL — Appexp <—a + )AET> . (11)

Now, we are in condition to use the homotopic approach to obtain the first
correction A]f from the general equation valid in regions I and II

(/ﬁgz + z> AP (2,6, 20) = =Ny [AOD] , (12)

where the non-linear contribution is given by

$2
d?zx x2 Olde
N [AP] Zas/ 5 2 O AP (w02) AP (212) — AP / —2AR . (13)
T Tpg T12 L2

For numerical estimation, we have to insert AOD in the non-linear term and
the particular solution in region I with geometric scaling AP is given by

[e.o]

All)(z,zo) = —AOD(,Z,ZQ)/ dz’

z

1 /
m Ng [AOD(Z )] . (14)

In Fig. 2, we present the numerical estimates for Nz and the ratio A]ID/AOD
turns out to be small. In region IT AP(z, €, 29) has been found in our previous
paper [1] (see Eqs. (58)-(67)) and N;[AP] has the same form as Eq. (13)

with A(()O’H). Finally, the solution A]f (2,€, z0) has the following form:

AP 6y0) ~ AR (a6 20) (—ert (2202 )t (2222) ) a9

which vanishes at z — zp and in the region of large z, this contribution is
rather small.
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Fig.2. Left describes the ratio Nz[AF]/AP. Right describes AP /AP versus z for
z > zg. 2o is taken to be 3, ag = 0.2.

3. Conclusions

Using the modified homotopy approach, we found that the first iteration
of the homotopy approach gives the main contribution in both kinematic
regions which we consider for the diffractive production. We also found that
for € < {64, our solution shows the geometric scaling behaviour, while for & >
5()4, this behaviour is strongly violated. We found that the analytical solution
of the non-linear equation reproduces the initial and boundary conditions.
The second iteration with zero initial and boundary conditions turns out
to be small and could be taken into account together with higher iterations
using the regular perturbative procedure.
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