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Recently, B(E2,0+1 → 2+1 ) transition strength has been measured in
36Ca and 38Ca. Surprisingly, the measured value in 36Ca: B(E2↑) =
131(20) e2fm4, is significantly larger than in 38Ca, where B(E2↑) = 101(11)
e2fm4, whereas an opposite tendency of B(E2) values is seen in the mirror
nuclei 36S and 38Ar. The resonance 2+1 in 36Ca lies 465 keV above the pro-
ton emission threshold and its description requires inclusion of the coupling
to the continuum. In this work, we analyze B(E2↑) values in 36Ca, 36S,
38Ca, and 38Ar using the real-energy continuum shell model, the so-called
shell model embedded in the continuum, in the (1s1/2 0d3/2 0f7/2 1p3/2)
model space with the monopole adjusted effective interaction ZBM-IO.

DOI:10.5506/APhysPolBSupp.18.2-A6

1. Introduction

B(E2,0+1 → 2+1 ) transition strength provides a sensitive test of the
ground state and the first 2+ state wave functions in even–even nuclei. This
experimental observable is also a useful indicator of the shell evolution and
the variation of the nucleon–nucleon correlations. It also indicates how well
the mirror symmetry is satisfied. The recent measurement of B(E2) values
in 36,38Ca [1, 2] provided astonishingly different results as compared to the
results in mirror nuclei 36S, 38Ar.

36Ca has the proton shell Z = 20 and the neutron subshell N = 16
closed [3], whereas 38Ca lies in-between N = 16 and N = 20 shell closures.
Indeed, the first excited state in 36Ca is the 0+2 state, as one might expect
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in closed-shell nuclei. The 2+1 state in this nucleus is one- and two-proton
unbound [4]. It lies 465 keV above the one-proton emission threshold [5]
and ∼ 230 keV above the 0+2 state [6]. It couples to the ground states of
35K and 34Ar in ℓ = 0 and ℓ = 2 partial waves, respectively. Since there
is no centrifugal barrier for the one-proton (1p) decay, and the available
phase space for 1p decay is significantly larger than for two-proton (2p)
decay, therefore, one expects that the 1p emission dominates the decay of
this resonance.

The mirror nucleus 36S is well bound. Contrary to 36Ca, the first excited
state is 2+1 , 6.6 MeV below the one-neutron emission threshold and ∼ 50 keV
below the 0+2 state. This implies that the influence of continuum coupling
on the structure of 2+1 states in 36Ca and 36S can be different. Indeed, the
difference of 2+1 excitation energies in these nuclei is ∼ 250 keV, whereas the
corresponding energy difference in well-bound nuclei 38Ca and 38Ar is only
∼ 50 keV.

Coupling to the continuum may also play a role in the anomalous
B(E2,0+1 → 2+1 ) transitions probabilities in mirror pairs of nuclei: 36Ca and
36S, for which the B(E2↑) transition probabilities are 131± 20 e2 fm4 [1, 2]
and 89±9 e2 fm4 [5], respectively, and 38Ca and 38Ar for which experimental
values are 101±10 e2 fm4 [1, 2] and 125±4 e2 fm4 [7], respectively. Whereas
B(E2↑) in 36Ca is larger than in 38Ca, the tendency is opposite in mirror
nuclei and B(E2↑) is larger in 38Ar than in 36S.

In this work, we shall apply the shell model embedded in the contin-
uum (SMEC) [8–10], the real-energy continuum shell model, to analyze the
B(E2,0+1 → 2+1 ) transition strength. The spectrum of 36Ca in SMEC was
discussed previously in Ref. [4]. Brief presentation of SMEC and the Hamil-
tonian is given in Section 2. The discussion of results and a short summary
is in Section 3.

2. Shell model embedded in the continuum

The SMEC has been extensively applied to calculate spectra and reac-
tions for bound, weakly bound, and unbound nuclear states [8–10]. Here,
we will present only essential features of this model and more details can be
found in Refs. [8, 10].

The Hilbert space in the SMEC is divided into orthogonal subspaces Q0,
Q1, Q2, . . . containing 0, 1, 2, . . . particles in the scattering continuum.
Since the two-proton decay provides only a tiny contribution to the total
decay width of the 2+1 resonance in 36Ca, we shall restrict our discussion to
the simplest version of SMEC with the two subspaces Q0, Q1 only. An open
quantum system description of Q0 includes couplings to the environment of
decay channels through the energy-dependent effective Hamiltonian

H(E) = HQ0Q0 +WQ0Q0(E) , (1)
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where HQ0Q0 denotes the standard shell model (SM) Hamiltonian which
describes internal dynamics, and

WQ0Q0(E) = HQ0Q1G
(+)
Q1

(E)HQ1Q0 (2)

is the energy-dependent continuum coupling term, where E is the scattering
energy, G(+)

Q1
(E) is the one-nucleon Green’s function, and HQ0,Q1 and HQ1Q0

couple the subspaces Q0 with Q1. The channel state is defined by the
coupling of one nucleon in the scattering continuum to the SM wave function
of the nucleus (A− 1). The SMEC eigenstates |ΨJπ

α ⟩ of H(E) are the linear
combinations of SM eigenstates |ΦJπ

i ⟩ of HQ0Q0 .
As the HQ0Q0 we take the ZBM-IO effective interaction which is de-

fined in (1s1/2 0d3/2 0f7/2 1p3/2) model space [11] with the two-body matrix
elements of the IOKIN interaction [12] and the modified T =1 cross-shell
monopole terms M(1s1/20f7/2), M(1s1/21p3/2) which are adjusted to repro-
duce the low-lying states in the studied nuclei. It was argued in Ref. [1] that
the ZBM2 Hamiltonian [11], defined in the same model space (1s1/2 0d3/2
0f7/2 1p3/2), provides the best SM description of the B(E2,0+1 → 2+1 ) tran-
sitions probabilities in 36,38Ca. In the present calculation, we restrict the
number of nucleon excitations from (1s1/20d3/2) to (0f7/21p3/2) to 2 nucle-
ons.

For the continuum-coupling interaction, we take the Wigner–Bartlett
contact force: V12 = V0 [α+ βP σ

12] δ(r⃗1 − r⃗2), where α + β = 1, P σ
12 is the

spin exchange operator, and the spin-exchange parameter takes a standard
value α = 0.73 [8]. The radial single-particle wave functions (in Q0) and
the scattering wave functions (in Q1) are generated by the average potential
which includes the central Woods–Saxon term, the spin–orbit term, and the
Coulomb potential. The radius and diffuseness of the Woods–Saxon and
spin–orbit potentials are R0 = 1.27A1/3 fm and a = 0.67 fm, respectively.
The strength of the spin–orbit potential is VSO = 6.7 MeV for protons and
7.62 MeV for neutrons. The Coulomb part is calculated for a uniformly
charged sphere with the radius R0.

3. Discussion of results

Table 1 presents the continuum coupling strength V0 and the correspond-
ing T = 1 cross-shell monopoles of the ZBM-IO interaction, which allow to
describe proton separation energy, excitation energy of the 2+1 state, and
yield the B(E2↑) transition probabilities compatible with the data within
the experimental uncertainties for 36Ca and 38Ca simultaneously. One can
see that the monopoles MT=1(1s1/2 1p3/2) and MT=1(1s1/2 0f7/2) are anti-
correlated and the demanded criteria are satisfied by the whole family of
solutions.
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Table 1. The family of SMEC solutions for 36Ca and 38Ca. In the first two
columns, the T = 1 cross-shell monopoles (in MeV) are presented. The third
column contains the continuum coupling strength V0 (in MeV fm3) which for each
set of T = 1 cross-shell monopoles in the first two columns is adjusted to reproduce
the proton separation energy and energy of the 2+1 state. The next columns contain
the following sequence: B(E2↑) values (in units of e2fm4), and the ground state
fractions Fp(0), Fp(2), Fn(0), and Fn(2) of proton/neutron parts excited from
(1s1/20d3/2) to (0f7/21p3/2) shells. B(E2↑) values in this table have been calculated
with the effective charges ep = 1.236, en = 0.409.

M 36Ca
sf7/2 sp3/2 V0 B(E2↑) Fn(0) Fn(2) Fp(0) Fp(2)

−2.078 −2.657 0 110 0.977 0.003 0.659 0.322
−2.137 −2.554 −61.3 116.7 0.978 0.003 0.635 0.346
−2.177 −2.477 −85 121 0.979 0.003 0.616 0.366
−2.227 −2.377 −113 126 0.980 0.003 0.588 0.395
−2.277 −2.247 −139 129 0.981 0.003 0.557 0.427

M 38Ca
sf7/2 sp3/2 V0 B(E2↑) Fn(0) Fn(2) Fp(0) Fp(2)

−2.078 −2.657 0 66.9 0.870 0.045 0.613 0.303
−2.137 −2.554 −61.3 82.5 0.873 0.045 0.580 0.337
−2.177 −2.477 −85 93.4 0.874 0.044 0.554 0.364
−2.227 −2.377 −113 108 0.877 0.042 0.519 0.400
−2.277 −2.247 −139 121 0.881 0.040 0.482 0.440

Table 1 shows also the fractions Fn(0), Fn(2), Fp(0), and Fp(2) of the
proton and neutron parts in the ground-state wave function which are ex-
cited from (1s1/20d3/2) to (0f7/21p3/2). The sum Fn/p(0)+Fn/p(2)+Fnp(11),
where Fnp(11) is the fraction corresponding to the simultaneous excitation
of one proton and one neutron from (1s1/20d3/2) to (0f7/21p3/2), is nor-
malized to 1. One may notice that the fraction Fp(0) depends strongly on
the monopoles MT=1(1s1/2 1p3/2), MT=1(1s1/2 0f7/2), and the continuum-
coupling strength V0, whereas Fnp(11) remains practically constant. Changes
of Fn(0) in the whole range of parameters are small. Moreover, Fn(0) and
Fp(0) in 38Ca are significantly smaller than in 36Ca.

Table 2 contains information on the family of monopole terms MT=1(1s1/2
1p3/2), MT=1(1s1/2 0f7/2), and the continuum-coupling strength V0, which
allow to reproduce the neutron separation energy, excitation energy of the 2+1
state, and provide the B(E2↑) values which are compatible with the experi-
mental data in 36S and 38Ar. Changes of the MT=1(1s1/2, 0f7/2) monopole
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are small, while those of MT=1(1s1/2, 1p3/2) are large and different from the
corresponding monopole in 36Ca and 38Ca. The range of Fp(0) variation in
36Ca (38Ca) is significantly larger than the corresponding variations of Fn(0)
in the mirror nuclei 36S (38Ar). It is important to notice that B(E2↑) for
38Ar is almost constant in a large interval of parameters MT=1(1s1/2 1p3/2)
and V0. This property has been used to tune the effective charges for all
considered nuclei 36Ca, 36S, 38Ca, and 38Ar.

Table 2. The family of SMEC solutions for mirror nuclei 36S and 38Ar. For details,
see the caption of Table 1.

M 36S
sf7/2 sp3/2 V0 B(E2↑) Fn(0) Fn(2) Fp(0) Fp(2)

−2.112 −1 0 89.0 0.697 0.288 0.982 0.003
−2.167 −0.077 −83 75.8 0.670 0.318 0.984 0.003
−2.183 0.423 −96 71.7 0.662 0.326 0.985 0.003
−2.194 0.923 −105.3 68.5 0.655 0.333 0.985 0.003
−2.207 1.923 −116 64.7 0.648 0.341 0.986 0.003

M 38Ar
sf7/2 sp3/2 V0 B(E2↑) Fn(0) Fn(2) Fp(0) Fp(2)

−2.112 −1 0 126.4 0.601 0.324 0.883 0.043
−2.167 −0.077 −83 126.4 0.559 0.368 0.886 0.042
−2.183 0.423 −96 125.0 0.546 0.382 0.887 0.041
−2.194 0.923 −105.3 125.9 0.536 0.393 0.888 0.041
−2.207 1.923 −116 125.6 0.522 0.407 0.889 0.040

Dependence of the B(E2,0+1 → 2+1 ) transitions probabilities on the con-
tinuum coupling strength V0 is shown in Fig. 1 for mirror pairs of nuclei
(36Ca, 36S) and (38Ca, 38Ar). The cross-shell monopoles in the ZBM-IO
interaction are kept constant as a function of V0. Horizontal lines show the
experimental uncertainties of B(E2↑). For more information, see the caption
of Fig. 1. One may notice a weak dependence on V0 in 36Ca. Even weaker
dependence is seen in 38Ca, and almost no dependence on the strength of
the continuum coupling is in 38Ar. The B(E2↑) curves shown in this figure
have been obtained for the effective charges equal: ep = 1.236, en = 0.409.

Dependence of the ground-state energy of 36Ca, 38Ca, 36S, and 38Ar
on the continuum-coupling strength parameter V0 is shown in Fig. 2. One
can see that this dependence is rather weak for all considered nuclei. The
strongest effect is seen in the ground state of 36Ca. The change of an ex-
citation energy of the 2+1 state is mainly due to the down-sloping of the
ground-state energy in all considered nuclei.
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Fig. 1. Left: The B(E2↑) transition probabilities in 36Ca (the solid line) and 38Ca
(the long-dashed line), calculated in SMEC, are plotted as a function of the con-
tinuum coupling strength V0. Horizontal solid and short-dashed lines show the
uncertainties of the experimental B(E2↑) values in 36Ca and 38Ca, respectively.
The T = 1 cross-shell monopoles of the ZBM-IO interaction in this panel are
MT=1(1s1/2 1p3/2) = −2.477 MeV and MT=1(1s1/2 0f7/2) = −2.177 MeV. Right:
The same as in the upper panel but for the mirror nuclei 36S and 38Ar. The
T = 1 cross-shell monopoles in this case are MT=1(1s1/2 1p3/2) = −0.077 MeV
and MT=1(1s1/2 0f7/2) = −2.177 MeV.
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Fig. 2. Left: Ground-state energy of 36Ca and 38Ca is plotted as a function of the
continuum coupling strength V0 for fixed values of T = 1 cross-shell monopoles:
MT=1(1s1/2 1p3/2) = −2.477 MeV and MT=1(1s1/2 0f7/2) = −2.177 MeV. The
dashed horizontal line corresponds to the situation when the ground state 0+1 is
at the experimental distance from the state 2+1 . Right: The same as in the upper
panel but for mirror nuclei 36S and 38Ar. The T = 1 cross-shell monopoles in this
case are MT=1(1s1/2 1p3/2) = −0.077 MeV and MT=1(1s1/2 0f7/2) = −2.177 MeV.
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Using the calculated B(E2↑) values for different continuum-coupling
strengths V0 (see Tables 1 and 2), one can search for optimal parameters
of the ZBM-IO interaction which best reproduce the experimental B(E2↑)
values. Figure 3 presents the function χ2 normalized to the number of data
points which is plotted as a function of V0 for all B(E2↑) values. We can see
that the preferable continuum coupling strength is V0 ≈ −85 MeV fm3.

 1

 10

−150 −100 −50  0

χ2 /4

V0 [MeV fm3]

Fig. 3. Function χ2 for calculated B(E2↑) values in 36Ca, 38Ca, 36S, and 38Ar (see
Tables 1 and 2) is plotted as a function of the continuum coupling strength V0 and
normalized to the number of data. At the minimum, the value of the χ2 function
is χ2/4 = 0.82.

SMEC results corresponding to the minimum of χ2 function (see Fig. 3)
are presented in Table 3. The optimal monopole MT=1(1s1/2, 0f7/2) ≃
−2.17 MeV is almost the same in mirror pairs (36Ca/36S) and (38Ca/38Ar).
On the other hand, the optimal monopole MT=1(1s1/2, 1p3/2) changes

Table 3. Results of the χ2 analysis of B(E2↑)(V0) (see Fig. 3 and Tables 1, 2) for
36Ca, 38Ca, 36S, and 38Ar. Theoretical errors are due to experimental uncertainties
of the separation energies [13]. B(E2↑) are given in units of e2fm4, monopole
terms are in MeV, and V0 is given in units of MeV fm3. The effective charges are
ep = 1.236, en = 0.409. Experimental B(E2↑) values for 36,38Ca are taken from
Ref. [1] and for 36S and 38Ar from Ref. [7]
.

36Ca 38Ca 36S 38Ar
1s1/2 0f7/2 −2.177 −2.167

1s1/2 1p3/2 −2.477 −0.077

V0 −85+17
−14 −85.16+0.11

−0.12 −82.98± 0.10 −83.01± 0.12

B(E2↑) 120.9+1.9
−1.8 93.375± 0.01 75.826± 0.002 126.4190± 0.0005

exp. 131± 20 101± 11 89± 9 125± 4
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strongly going from 36,38Ca to their mirror partners 36S and 38Ar. The op-
timal continuum-coupling strength is almost the same in 36,38Ca, 36S, 38Ar
and equals V0 ≃ −83 MeV fm3.

In Table 4, we have collected Fq values for the most favorable monopole
modification (see Table 3) in 36,38Ca,36S, and 38Ar. For the ground state 0+1
in 36Ca, fraction of the Fp(0) part excited from (1s1/20d3/2) to (0f7/21p3/2)

is close to the fraction Fn(0) in the mirror nucleus 36S, and the opposite
fractions Fn(0) and Fp(0) are nearly identical. In 38Ca, the fraction of the
proton part Fp(0) is almost identical with the fraction of the neutron part
Fn(0) in 38Ar. Similarly, the fraction Fn(0) in 38Ca is practically identical
with the Fp(0) fraction in 38Ar. Therefore, one may conclude that whereas
the mirror symmetry in the ground state of nuclei 36Ca and 36S is only
slightly broken, so it is satisfied in 38Ca and 38Ar.

Table 4. Fn(0), Fn(2), Fp(0), and Fp(2) for 0+1 and 2+1 states in all considered
nuclei for the most favorable monopole modifications (cf. Table 3).

Nucleus Jπ Fp(0) Fp(2) Fn(0) Fn(2)

36Ca
0+ 0.6157 0.3664 0.9792 0.0029
2+ 0.1295 0.8588 0.9880 0.0003

38Ca
0+ 0.5542 0.3639 0.8744 0.0436
2+ 0.3413 0.5770 0.9117 0.0066

36S
0+ 0.9842 0.0030 0.6695 0.3177
2+ 0.9829 0.0005 0.2575 0.7259

38Ar
0+ 0.8858 0.0415 0.5591 0.3683
2+ 0.9223 0.0055 0.3202 0.6076

A different situation is seen in the 2+1 state. The fraction of neutrons
excited from (1s1/20d3/2) to (0f7/21p3/2) in 36S is significantly smaller than
the corresponding fraction of the proton part in 36Ca. This striking differ-
ence in the occupation of 0f7/21p3/2 shells has also its counterpart in the
reverse order of 2+1 and 0+2 states in 36Ca as compared with 36S [6]. In 38Ca,
38Ar, on the contrary, the mirror symmetry in 2+1 states is well preserved.

Additional information about the structure of mirror pairs of nuclei 36Ca,
36S, and 38Ca, 38Ar is provided by the spectroscopic factors presented in
Table 5. One may notice that spectroscopic factors in the ground states of
all considered nuclei are significantly larger than in the excited states 2+1
and 0+2 . In particular, C2Ss1/2(0

+
2 ) and C2Ss1/2(2

+
1 ) are smaller by one and

three orders of magnitude, respectively, than the ground-state spectroscopic
factor C2Ss1/2(0

+
1 ). Moreover, the spectroscopic factor C2Ss1/2(0

+
1 ) in 36Ca,

36S is larger than the corresponding spectroscopic factor in 38Ca, 38Ar.
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Table 5. SMEC spectroscopic factors for 0+1 , 0+2 , 2+1 states in 36Ca, 38Ca, 36S,
and 38Ar. C2Sℓj (J

π
i ) denote proton (neutron) spectroscopic factors in 36,38Ca

(36S,38Ar).

Nucleus C2Ss1/2(0
+
1 ) C2Ss1/2(0

+
2 ) C2Sd3/2

(2+1 ) C2Ss1/2(2
+
1 )

36Ca 2.903 0.534 0.0030 0.0054
38Ca 2.320 0.586 0.0408 0.0078
36S 3.019 0.470 0.0004 0.0070
38Ar 2.300 0.611 0.0368 0.0080

Finally, two observations are common. First, the excitation energy of
2+1 always increases with increasing the continuum coupling strength even
though this state couples only weakly to the continuum due to a very small
spectroscopic factor C2Ss1/2(2

+
1 ). This is due to a much stronger influence

of the coupling to the continuum on the ground states, even though these
states are well bound. Secondly, B(E2↑) always decreases with increasing
continuum coupling strength for any combinations of monopole changes.

The mirror symmetry in the pair of nuclei 38Ca and 38Ar is well satis-
fied as the spectroscopic factors are almost identical (see Table 5), and the
difference of ground-state energies as well as the difference of 2+1 energies in
these nuclei is very small.

On the contrary, the mirror symmetry in 36Ca and 36S is strongly vi-
olated. The spectroscopic factors C2Ss1/2(0

+
1 ), C

2Ss1/2(0
+
2 ) in this pair of

nuclei are different. Moreover, the order of 2+1 and 0+2 states is different in
36Ca and in 36S. This effect can be traced back partially to the proximity
of the proton decay threshold in 36Ca and to the larger spectroscopic factor
C2Ss1/2(0

+
2 ) in 36Ca than in 36S.

In conclusion, anomalous values of B(E2,0+1 → 2+1 ) transition probability
in 36Ca and 38Ca as compared with the values in the mirror nuclei 36S
and 38Ar revealed strong mirror symmetry breaking in the pair 36Ca and
36S. The SMEC provides a good description of all four B(E2,0+1 → 2+1 )
transition probabilities using the ZBM-IO interaction with a monopole term
MT=1(1s1/2, 1p3/2) which is modified when going from 36,38Ca to 36S, 38Ar.

The most important difference is seen in the structure of 2+1 state in 36Ca
and 36S. The fraction Fp(2) of the proton part excited from (1s1/20d3/2) to
(0f7/21p3/2) in the proton unbound 2+1 state of 36Ca is considerably larger
than the corresponding neutron part Fn(2) in 36S. In general, the main effects
of the continuum coupling in studied nuclei are concentrated in the ground
state 0+1 and, to a smaller extent, in the excited 0+2 state. The reverse order
of the 2+1 and 0+2 states in 36Ca is the combined effect of the proximity of
0+2 resonance to the particle emission threshold and the spectroscopic factor
C2Ss1/2(0

+
2 ) which is two orders of magnitude bigger than the C2Ss1/2(2

+
1 ).
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