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We give an overview of recent developments in the computation of the
anomalous dimension matrix of composite operators in non-forward kine-
matics. The elements of this matrix set the evolution of non-perturbative
parton distributions such as the generalized parton distribution functions.
The latter provide important information about hadronic structure and are
accessible experimentally in hard exclusive scattering processes. We focus
our discussion on a recent method that exploits consistency relations for
the anomalous dimensions which follow from the renormalization structure
of quark and gluon operators.
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1. Introduction

Understanding the structure of hadrons is an important topic of mod-
ern quantum chromodynamics (QCD). This structure is described by non-
perturbative parton distributions, which correspond to hadronic matrix el-
ements of composite quark and gluon operators. Their scale dependence,
which is important input for phenomenological studies, is characterized by
the perturbative anomalous dimensions of these operators. In non-forward
kinematics, relevant for exclusive processes such as deeply-virtual Compton
scattering, the operators mix under renormalization with total-derivative
operators which complicates the extraction of the anomalous dimensions.
Two methods to help in this extraction are reviewed in this work.

2. Operator anomalous dimensions

The anomalous dimensions of interest are computed by renormalizing
the partonic matrix elements of the operators that define the parton dis-
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tributions. In this work, we focus on leading-twist operators1 of spin N .
Concentrating on unpolarized processes, the following operators contribute:

Oq,NS
N = ψ̄λα��∆D

N−1ψ , (1)

Oq,S
N = ψ̄��∆D

N−1ψ , Og,S
N = Fµ∆D

N−2F∆
µ . (2)

Here, Dµ = ∂µ − igsAµ is the QCD covariant derivative, Fµν is the gluon
field strength, and ∆ is an arbitrary lightlike vector. We also introduced
the shorthands D ≡ ∆µDµ and Fµ∆ ≡ ∆νFµν . The operator in Eq. (1) is
a flavor-non-singlet as signaled by the appearance of the flavor generator λα.
The operators in Eq. (2), on the other hand, are flavor-singlet and will mix
under renormalization. As we are interested in non-forward distributions,
we need to take into account mixing with total-derivative operators. For
example, for Oq,NS

N , the renormalization takes on the form


Oq,NS

N+1

∂Oq,NS
N
...

∂NOq,NS
1

 =


Zqq,NS
N,N Zqq,NS

N,N−1 . . . Zqq,NS
N,0

0 Zqq,NS
N−1,N−1 . . . Zqq,NS

N−1,0
...

... . . .
...

0 0 . . . Zqq,NS
0,0





[
Oq,NS

N+1

]
[
∂Oq,NS

N

]
...[

∂NOq,NS
1

]

 (3)

in which square brackets denote the renormalized operators. The anomalous
dimension matrix (ADM) is then defined as

γ̂qq,NS = −d ln Ẑqq,NS

d lnµ2
=


γqq,NS
N,N γqq,NS

N,N−1 . . . γqq,NS
N,0

0 γqq,NS
N−1,N−1 . . . γqq,NS

N−1,0
...

... . . .
...

0 0 . . . γqq,NS
0,0

 . (4)

The diagonal elements of the ADM correspond to the forward anomalous
dimensions, which determine the scale dependence of the forward parton
distributions. We now briefly review two methods to reconstruct the off-
diagonal elements2. The first is based on conformal symmetry arguments,
while the second uses consistency relations following from the renormaliza-
tion structure of the operators.

1 For a recent overview of higher-twist corrections, see [1].
2 Another method, which is independent of the ones discussed here, can be found in

[2, 3].
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2.1. Anomalous dimensions from conformal symmetry

This approach starts from QCD in D = 4− 2ε dimensions at the critical
point, which is characterized by a vanishing beta-function. In this regime,
the conformal algebra can be used to write down relations between the oper-
ator anomalous dimensions, allowing for the reconstruction of the full ADM,
γ̂C . The physical anomalous dimensions are then equivalent to the confor-
mal ones, up to terms proportional to the (non-zero) QCD beta-function
and the so-called conformal anomaly. The latter is a perturbative quantity
and is currently known to two loops [4–7], allowing for the reconstruction
of the anomalous dimensions up to three loops [6, 7]. A particularly nice
feature of this method is that the one-loop off-diagonal elements of the ADM
vanish due to exact conformal symmetry at leading order, while the main
bottleneck is the determination of the anomaly.

2.2. Anomalous dimensions from consistency relations

A second approach to determine the off-diagonal elements of the ADM
is the use of relations between total-derivative operators. In fact, writing3

Oq
r,s,t = ∂r

((
Dsψ̄

)
λα��∆

(
Dtψ

))
and Og

r,s,t = ∂r
(
(DsFµ∆)

(
DtFµ∆

))
,

(5)
we have

Oq/g
r,s,t = Oq/g

r−1,s+1,t +Oq/g
r−1,s,t+1 . (6)

These relations, which are valid for the bare operators, can be turned into
recursive identities by applying them to Oq/g

N,0,0. Performing the renormaliza-
tion then leads to non-trivial relations between the anomalous dimensions.
For example, for the non-singlet quark operators, one particular form of the
resulting relation is [8]

∀k :

N∑
j=k

{
(−1)k

(
j

k

)
γqq,NS
N,j − (−1)j

(
N

j

)
γqq,NS
j,k

}
= 0 . (7)

The latter is valid to all orders in perturbation theory and, as explained in [8],
can be used to reconstruct the off-diagonal elements of the ADM. A nice
consequence of Eq. (7) is that the next-to-diagonal (NTD) elements, γq,NS

N,N−1,
are directly related to the forward anomalous dimensions,

γqq,NS
N,N−1 =

N

2

(
γqq,NS
N−1,N−1 − γqq,NS

N,N

)
. (8)

3 We omit the S and NS superscripts here. Furthermore, the relation for the quark
operator trivially generalizes to the singlet case by simply discarding λα.
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Similar identities can also be written down for the flavor-singlet anomalous
dimensions. Consider, e.g., the insertion of the gluon operator in a gluon
two-point function. The corresponding anomalous dimensions are denoted
γggN,k, for which we find the following relation:

∀k :

N∑
j=k

{
(−1)k

(
j − 1

k − 1

)
γggN,j − (−1)j

(
N − 1

j − 1

)
γggj,k

}
= 0 . (9)

Note that now k > 0, as k = 0 would be associated with (derivatives of)
a spin-one gluon operator. As before, the NTD elements are directly related
to the forward anomalous dimensions

γggN,N−1 =
N − 1

2

(
γggN−1,N−1 − γggN,N

)
. (10)

In deriving Eqs. (9) and (10), we ignored mixing with other types of opera-
tors, which is valid to one-loop accuracy. Beyond this order, mixing with the
flavor-singlet quark operators and non-gauge-invariant operators needs to be
taken into account. Such extensions are left for future consideration. Nev-
ertheless, we expect the identities presented above to stay valid beyond the
one-loop level. To see this, consider the following basis transformation for-
mula, which takes quantities from the non-conformal basis to the conformal
one [9]:

γgg,CN,k =
(−1)k(3 + 2k)k!

(N − 1)!

N∑
l=k

(−1)l
(
N − 1

l − 1

)
(N + l + 2)!

(l + 1)!

×
l∑

j=k

(
j

k

)
(j + 1)!

j(j + k + 3)!
γggl,j . (11)

This type of similarity transformation is independent of the details of the
operator renormalization and hence valid to all orders in perturbation theory.
Now, in the conformal basis, the anomalous dimensions vanish whenever
N − k is odd, which is a consequence of CP-symmetry. Thus, setting k =
N − 1, the left-hand side of Eq. (11) vanishes and we find

0 = γggN−1,N−1 −
2

N − 1
γggN,N−1 − γggN,N (12)

exactly reproducing Eq. (10) but now as an all-order identity. Using similar
arguments for different values of N − k, we can then conclude that also the
general relation in Eq. (9) remains valid to all orders in perturbation theory.
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3. Summary

We have reviewed two methods to compute the anomalous dimensions of
composite operators in non-forward kinematics using (a) conformal symme-
try arguments and (b) consistency relations following the renormalization
structure of the operators. Both methods come with their own advantages,
and, as such, can be used in a complementary fashion.

Part of this work has been supported by grant K143451 of the National
Research, Development and Innovation Fund in Hungary.
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