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Quantum computing offers a scalable approach to solving the nuclear
shell model, a highly complex and exponentially scaled many-body prob-
lem. This work presents a numerical simulation of the subspace search vari-
ational quantum eigensolver (SSVQE) combined with an adaptive derivative-
assemble pseudo-trotter (ADAPT) ansatz to obtain the low-lying states of
any nuclear system in a single optimization run. As an example, we ap-
ply this method in this work to a trivial identical nucleon system, two
nucleons in the Opz/» orbital, mapped to 4 qubits depicting m-scheme
single-particle states including a surface delta effective interaction using
the Jordan—Wigner transformation. The ADAPT-SSVQE algorithm, by
utilizing a symmetry-preserving double-excitation ADAPT operator pool,
uniquely optimizes a weighted energy sum, forcing the simultaneous conver-
gence of the two lowest states within the total angular momentum M; = 0
subspace. We demonstrate the accuracy of the method by benchmark-
ing against the exact diagonalization, confirming its potential for probing
nuclear structure, and pairing phenomena on current and near-future quan-
tum devices without requiring a multi-step procedure for excited states.
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1. Introduction

Pairing is a universal feature of quantum many-body systems manifesting
in superconductivity, superfluidity, and nuclear structure. In nuclei, pairing
correlations lower the ground-state energy and give rise to characteristic
excitation spectra. The nuclear shell model provides a robust framework
to study such correlations by representing nucleons as fermions moving in
a mean-field potential with a residual interaction [1]. However, the exact
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diagonalization of shell-model Hamiltonians becomes intractable for large
model spaces due to exponential scaling. Quantum algorithms such as the
variational quantum eigensolver (VQE) [2] offer a path towards approximate
solutions on near-term quantum devices [3]. While standard unitary cou-
pled cluster (UCC) ansatzes [4] are general but costly; adaptive approaches
(ADAPT-VQE) [5] construct ansatzes iteratively guided by physical gradi-
ents, thus ensuring compactness. The quantum simulation of ground state
solutions for the nuclear shell model has recently been approached using
ADAPT-VQE [6]. A more specific quantum simulation of the shell model
in ®®Ni has been demonstrated using problem-specific ansatzes optimizing
separately for ground and two excited states [7].

The basic variational method in quantum mechanics, upon which the
VQE is based, targets only the lowest-energy states within a Hilbert space.
In nuclear problems, one is often interested in a full or partial spectrum of
excited states, and we are motivated in this direction, as others have been
with VQE-inspired methods [8-10].

In this work, we present ADAPT-VQE with subspace-search (SSVQE [11])
to simulate the shell-model Hamiltonian for a surface delta interaction for
identical nucleons. We show the results for the example case of a single Ops /5
orbital. This approach enables the simultaneous approximation of mutually
orthogonal ground and excited states while respecting angular momentum
symmetries in a single optimization run.

2. Theoretical framework

The effective nuclear Hamiltonian Heg is truncated to one- and two-body
terms, represented in second quantization [1]

1
Hog = Z €apalap + 1 Z(ab]V|cd>A alaladac ) (1)
ab abed
where a;r and a; are creation and annihilation operators for an m-scheme

single-particle orbital i, €, are one-body energies (which are set to zero in
this simulation considering only relative spacing of the excited and ground
states), and (ab|V'|cd) o are the anti-symmetrized two-body matrix elements.
We employ a schematic surface delta interaction V' which yields J-coupled
matrix elements Vj;. The interaction strength V; is calculated from the
Clebsch—Gordan coefficients, (jamqjpmp|JM) for the two interacting parti-
cles in the same orbital as [1]
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For identical nucleons (pp or nn), the Pauli principle enforces V; = 0 for
odd J. We set V3 = 1 MeV for this schematic calculation. The two-body
matrix elements in the m-scheme are then constructed by converting the
coupled basis of jj-coupling into the uncoupled basis of the m-scheme.

The second-quantized Hamiltonian is mapped to a qubit operator using
the Jordan—-Wigner (JW) transformation [12]| using

o1 .
aj — [le::lzk} 5 (X +iY5), (3)

o [mZz] 5 - (4)
where X, Y, Z are the Pauli spin matrices acting on qubit j. The string of
Z matrices in square brackets is essential for ensuring that operators on dif-
ferent qubits correctly anti-commute, maintaining the anti-symmetrization
for a fermionic system. After this transformation, the Hamiltonian becomes
a sum of Pauli strings which is a form that can be measured on a quantum
computer.

The total Hilbert space dimension for two protons in 4 m-scheme single-

particle qubits corresponding to the Ops/y orbital is (3) = 6. In more

realistic scenarios, we have multiple nucleons occupying higher j, or even
many j orbitals, leading to a larger (2j 4+ 1), or ) (2j + 1) m-scheme single-
particle qubits and could reach the Hilbert space dimensions greater than
~ 10'% making classical exact diagonalization infeasible.

3. Variational algorithm

By leveraging the principles of superposition and entanglement, a quan-
tum computer with N qubits can naturally represent a state in a Hilbert
space of dimension 2. VQE [2] is based on the variational principle of
quantum mechanics which states that the expectation value of the Hamil-
tonian for any trial wavefunction is always greater than or equal to the true
ground-state energy. It has emerged as a leading choice for utilizing noisy-
intermediate-scale quantum (NISQ) devices [3]. VQE uses a quantum com-
puter to prepare and measure a parameterized trial state [#(6)) = U(6)|¢o)

and a classical computer to optimize these parameters # that minimize the
energy expectation value (¥(6)|H|W(F)). U(A) is called the ansatz, that
is, the quantum circuit by which the initial states are evolved, imposing
the essential nucleonic correlations. The resulting quantum circuit is often
expressed in terms of single- and double-qubit gates. Examples of single-
qubit gates are the Pauli-z matrix X, Pauli-y matrix Y, Pauli-z matrix Z,
Hadamard H, and rotation with respect to x-, y-, z-axis in the Bloch sphere,
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R., Ry, R.. One of the most used double-qubit gates is the CNOT (CX)
gate, depicted as & and e connecting two qubits by a vertical line. The qubit
with e is called a control qubit while the qubit with & is called a target qubit.
Further details of the quantum gate can be found in textbooks [13].

The Subspace Search Variational Quantum Eigensolver (SSVQE) [11]
is an extension of the VQE that enables finding multiple excited states si-
multaneously and was originally introduced for molecular simulations. We
adopt it similarly for the nuclear physics in this work, proving its credibility
for a simple Ops/, orbital (More details with realistic examples are to be
followed in a forthcoming article). It replaces the minimization of a single
state expectation value (¥(8)|H|¥(f)) with a weighted sum of expecta-
tion values from multiple initial mutually orthogonal k& number of states,
;) = U(6)|¢;) with a weighted loss defined by

k—1
L(g) = sz<¢z|UT (5) |¢1, sz sorted,i » (5)
=0

where w; are descending positive weights (in this work, w; = k —1) to priori-
tize the output states |¥;) converging to the lowest-k energy eigenstates of H.
The calculated energies are sorted at each optimization step to maintain the
correct weighting order.

Instead of using a fixed circuit (like Unitary Coupled Cluster approach-

es [4]), ADAPT-VQE iteratively builds the ansatz U (6 ) by selecting the most
relevant Pauli string operator from a predefined pool P. The calculation pro-
ceeds in a fixed My = ). m; subspace, enforced by the ADAPT pool. In
this work, the pool is generated from all possible projection of total angu-
lar momentum M ; conserving double-excitation operators, Ted .= alaLabaa
This is converted to a Hermitian Pauli operator A € P suitable for ex-
ponential ansatz, exp(A), with A = (T — TT), where T' is the complex
conjugate of T'. T is chosen as a double-excitation fermionic operator in-
volving two creation and two annihilation operators in this work. The use
of a symmetry-constrained operator pool ensures the ansatz generates valid
nuclear states and reduces the initial pool size. On the other hand, it re-
duces the possible iterative paths to true ground states that are allowed by
a more general symmetry-breaking pool [14|. Limiting the pool in this way
can only be justified a posteriori if the results are successful for the present
and future larger-scale studies.
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At each iteration “iter”, the next operator Ajie is chosen from P by
maximizing the weighted absolute gradient contribution Gjger to the SSVQE
cost function

> wi(wi (0)i[H, Auwer] [ (0))

1=0

(6)

Giter = maxXaecp

'.

The ADAPT algorithm chooses the operator with maximum gradient to
evolve the anstaz and proceeds until Giter falls below a defined tolerance,
102 in this simulation. The final ADAPT ansatz is a product of Pauli
evolution gates

U(g) - Hllg};r:ﬂgx exp <_i9_;ter Aiter) (7)

which is unitary, so if the initial states are chosen appropriately with mutual

orthogonality, then the evolution using U(6) will strictly maintain their
orthogonality and symmetries without any post-efforts.

4. Results and discussion

The calculation uses 4 qubits corresponding to two identical nucleons in
a Ops/p orbital. The qubits qo,q1,q2,q3 correspond to m; = —3/2,—1/2,
1/2, 3/2, respectively. Following the Jordan-Wigner mapping, the qubit-
Hamiltonian H consists of the nineteen Pauli-strings of length 4, with five
I 111Z, 11Z1,1Z11, ZI1I one-body terms, and fourteen I1Z2Z, IZI1Z,
1271, Z1Z1, ZZII, ZI11Z, (six terms with I and Z matrices), XY XY,
XXYY, YYYY, VYXXY, XYYX XXXX, YYXX, YXYX (eight terms
with X and Y matrices), two-body terms. The simulation targets the
Mj; = 0 subspace. The initial orthogonal states |¢;) are constructed from
the two lowest-energy Hartree—Fock basis states that satisfy symmetry con-
straints. The first state |¢g) occupies qubits 0 and 3, [1001), and the second
state |¢1) occupies qubits 1 and 2, [0110). This choice provides an efficient
initial reference for the SSVQE optimization.

The ansatz is chosen adaptively, utilizing M j conserving double-excitation
operators. In the present case, there would only be two such operators: The
first one Ay is trivial being ITII identity operator with a zero coefficient
with which the gradient of Hamiltonian would always be zero, while the
second operator A; is the only possible double excitation for this system in
terms of X and Y matrices, combining XYYY, XXXY, YYXY YXYY,
XYXX, XXYX, YYYX, and YXXX with respective coefficients follow-
ing the Jordan—Wigner mapping. It means that the algorithm must use the
second double-excitation operator A; to create an ansatz. The present cal-
culation converges extremely rapidly in only two ADAPT iterations reaching
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a final gradient of 1.8 x 10~ below the tolerance. The gradient value of this
second operator with the Hamiltonian turns out to be 1.6 depicting that the
initial Hartree—Fock states are very far from the true correlated eigenstates.
Those initial states are needed to be evolved using the ansatz exp(—ifpA;)
with 6y, with the resulting quantum circuit shown in Fig. 1. Note that in
this simple example, a single parameter is enough to characterise the ansatz.
The classical optimization is performed using the COBYLA algorithm and
Ay is found to be 0.785. This means that Ay operator perfectly captures all
the correlations necessary to transition from the non-interacting Hartree—
Fock configurations to the highly correlated J = 0 and J = 2 eigenstates.
The calculated ground-state energy Fy = —2.0 MeV and excited-state en-
ergy B4 = —0.4 MeV have been benchmarked against the exact classical
diagonalization results.

Qo 0
1 1

exp(-it (XYYY + XXXY + YYXY 4+ YXYY 4+ XYXX + XXYX + YYYX + YXXX)
az 2

0.785

as B

Fig.1. Quantum circuit of the ansatz, U(f) = exp(—ifpA1), in terms of the Pauli
evolution gate in terms of the double-excitation operator A; (shown here for brevity
without coefficients of the involved terms) with ¢t = 6y = 0.785.

In Fig. 2, we also present the decomposed view of quantum circuit in
terms of single- and double-qubit gates which could directly be supported
by the real quantum hardware and is equivalent to the single Pauli evolution
gate shown in Fig. 1. The number of CNOT gates in this circuit is 48 and
the circuit depth, defining the minimum number of sequential time steps to
execute all the involved gates, is 72. The circuit width is 4, while the number
of single-qubit v/X and its conjugate VXT gates is 32. The number of
Hadamard gates H is also 32 which creates an entangled state, representing
an equal superposition of two basis states. The eight number of rotation
gates along z-axis R, are required owing to the eight terms in operator A;.

The simulation uses “qiskit estimator” for noise-free calculation of ex-
pectation values. This primitive efficiently processes multiple circuits and
observables required for both the SSVQE cost function and the ADAPT
gradient calculation.
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Fig.2. An equivalent representation of the quantum circuit shown in Fig. 1 but in
terms of single- and double-qubit gates suitable for the real hardware implementa-
tion.

5. Conclusion

We have successfully simulated the nuclear pairing problem of two iden-
tical nucleons in the Opg/y orbital on a noise-free quantum simulator. The
nuclear shell-model Hamiltonian with surface-delta interaction is mapped
onto qubits with the Jordan—-Wigner mapping. The variational minimiza-
tion ADAPT-SSVQE algorithm generates the two initial Hartee—Fock states
and evolves them using an M; conserving double-excitation operator. For
this foundational problem, the algorithm finds both the ground and excited
states of the system within one iteration with a single 6 parameter optimized
classically. This work demonstrates that adaptive hybrid quantum-classical
algorithms within a subspace search can efficiently capture correlations of
the nuclear many-body Hamiltonian. Future work will focus on realistic
scenarios involving more qubits, and also incorporating both protons and
neutrons along with the isospin degree of freedom. Preliminary results in
this direction suggest that the method is able to calculate all the five allowed
states for two-nucleons in gy s, "ONi, within a single optimization run.
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