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Using a generalised Bohr Hamiltonian formalism together with the
Gogny interaction to provide a microscopic input of the required mass pa-
rameters, we present the potential energy surface and the evolution of the
first excited 2+ state for the gadolinium isotopic chain. We observe that
the energies and electromagnetic transitions of low-lying states are fairly
similar for the various parametrisations and are in good agreement with
experimental data.
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1. Introduction

Mean field (MF) methods based on effective nucleon–nucleon (NN) in-
teractions can now achieve a remarkable level of accuracy when describing
nuclear ground-state properties [1]. The main advantage of using this ap-
proach compared to more fine-tuned macroscopic models is that the same
NN interaction can be used to calculate excited states in conjunction with
other many-body methods, such as the quasi-particle random phase ap-
proximation (QRPA), the rigid rotor method, and the generator coordinate
method (GCM) [2]. Each of these many-body techniques has its own ad-
vantages and disadvantages, depending on the observable in question. For
instance, QRPA is better suited to describing the structure of giant reso-
nances, whereas the rigid rotor is better suited to describing a rotational
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spectrum [3]. Ideally, the GCM would represent a very useful tool to de-
scribe the nuclear spectrum also outside these limiting cases, but depending
on the number of collective coordinates employed, the computational cost
of a GCM calculation can be quite high [4, 5]. Consequently, this method
is not suitable for systematic calculations, particularly when combined with
finite-range effective NN interactions. One way to overcome this problem
without significantly compromising the description of the nuclear spectrum
is to use the generalised Bohr Hamiltonian (BH). Although the BH model
has been widely studied in connection with analytical potentials [6], there
has been recent renewed interest in using the BH model with potentials ob-
tained from microscopic many-body MF models. Such an approach has been
developed in Refs. [7–9] and then applied systematically in Refs. [10–12] in
order to analyse the properties of the lowest excited states of all even–even
nuclei. In this article, we carry out a series of calculations of the nuclear
spectrum of the gadolinium isotopic chain using the BH and a selection of
Gogny interactions, to check how sensitive the results are to the various
parameterisations.

2. Formalism

In the original Bohr model [13], the collective excitations are obtained
through the dynamical deformation of the nuclear surface. Considering only
quadrupole degrees of freedom and working within the intrinsic frame of the
nucleus, the relevant parameters are two collective coordinates β, γ and three
Euler angles. We refer to Ref. [14] for more details. The β, γ coordinates
are related to the expectation values of the quadrupole operators ⟨Q̂2µ⟩ (in
Cartesian coordinates)

Q̂20 =
∑
i
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where A is the number of nucleons and ⟨r2⟩ is the estimated value of the
nuclear radius as extracted from the liquid drop model [8]. In the intrinsic
frame, the collective Hamiltonian has a simple form Ĥcoll = T̂vib + T̂rot +
V̂coll(β, γ), where V̂coll is the collective potential energy, while the vibrational
and rotational parts read, respectively,
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with G = GvibBxByBz and Gvib = BββBγγ − B2
βγ . L̂i denotes the intrin-

sic component of the total angular momentum and Bββ(β, γ), Bβγ(β, γ),
Bγγ(β, γ) are the vibrational mass parameters. Finally, we define the nu-
clear moments of inertia as

Iκ(β, γ) = 4Bκ(β, γ)β
2 sin2 (γκ) , κ = {x, y, z} , (5)

where γx = γ− 2π
3 , γy = γ+ 2π

3 , and γz = γ. In order to find the eigenvalues
of the Hamiltonian, we use the methodology presented in Refs. [8, 9, 15]
that consists in expanding Ĥcoll on a suitable basis in the β, γ plane and
then diagonalising it. A new numerical code has thus been developed for
this purpose and tested against analytic potentials and published results.

3. Results

The generalised BH uses the six mass parameters appearing in the ki-
netic terms given in Eqs. (3)–(4), plus the collective potential. Rather than
using analytical expressions, we derive them through constrained Hartree–
Fock–Bogoliubov (HFB) calculations [2] based on the Gogny effective inter-
actions: D1S [16], D1N [17], D1M [1], and D3G3M [18]. See Ref. [19] for
the numerical details of the adopted HFB solver. Of particular interest is
the fact that the Gogny D1M and D3G3M have been adjusted including
the zero-point energy [20] arising from the coupling to collective degrees of
freedom. Such a quantity is typically added to the BH calculations [14] and
may lead to slight inconsistency compared to the way the parametrisations
are adjusted. This may be the case for shape-coexistence nuclei, but more
systematic analysis are needed before drawing strong conclusions. In this
article, the mass parameters are calculated using the perturbative crank-
ing approximation [21]. As a consequence, we perform a global scaling by
a factor of 1.3 as discussed in Ref. [8]. We recall that in recent years, some
remarkable progress has been made to improve this approximation [22], but
the method has not been applied systematically yet and more work is thus
needed in order to assess systematic improvements.
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In Fig. 1, we show the potential energy surface of 154Gd obtained from
constrained HFB calculations using the Gogny D3G3M interaction. We
notice that 154Gd has a well pronounced prolate minimum at β ≈ 0.3 (indi-
cated by a star). All selected Gogny interactions provide very similar results
for this nucleus and the energy minimum is located at essentially the same
position in the β, γ plane: the inclusion of the zero-point energy does not
seem to change the position of the minimum.

Fig. 1. Potential energy surface Vpot of the 154Gd obtained with HFB calculations
with the D3G3M Gogny interaction re-scaled to its energy minimum. The contour
lines connect points of equal energy.

We show in Fig. 2 the low-energy spectrum of 154Gd (expressed in keV)
obtained using the D3G3M interaction. In the same figure, we also report
the experimental data taken from the ENSDF database1. The method repro-
duces the overall structure quite well: both the ordering and the transitions,
expressed in Weisskopf units, between states are in fair agreement. We ob-
serve that, in the higher-energy part of the spectrum, the density of states
is lower than the experimental value, even when a scaling factor of 1.3 is
applied. This is a well-known issue related to the cranking approximation
of vibrational masses [8].

Finally, in Fig. 3, we illustrate the evolution of the first 2+ excited
state (left panel) and the corresponding transitions, B(E2; 2+ → 0+) (right
panel) [15], along the even–even Gd isotopic chain, calculated with different
effective Gogny interactions. We notice that although the results are very
close to each other, the best agreement between theory and data (on av-
erage) is obtained using Gogny D1S. A more detailed analysis is necessary
in order to draw robust conclusions about the role of the underlying NN
interaction.

1 https://www.nndc.bnl.gov/ensdf/

https://www.nndc.bnl.gov/ensdf/
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Fig. 2. Experimental (EXP) data, taken from the ENSDF database, and calcu-
lated (BH) level schemes (expressed in keV) with D3G3M and the corresponding
electromagnetic transition strengths (in Weisskopf units) for 154Gd.

Fig. 3. Evolution of the first excited 2+ level and the B(E2; 2+ → 0+) transition
strength for 152−160Gd. Dashed lines correspond to BH calculations with various
Gogny interactions, while the solid line denotes the experimental data.

4. Conclusions

To describe the collective excitations of even–even Gd nuclei and the as-
sociated electromagnetic transitions, we solved the Bohr Hamiltonian with
quadrupole nuclear degrees of freedom only. The required input for the BH
calculation, such as masses and potential energy surfaces, has been obtained
using constrained HFB calculations together with the effective Gogny in-
teraction. We have performed a preliminary sensitivity test of the results
using four selected Gogny interactions and we found that the results for Gd
isotopes are quite robust, showing little dependence on the interaction, al-
though a slight better agreement is observed for the Gogny D1S interaction.



1-A5.6 C. Azam et al.

We thank J. Libert for helpful discussions on BH and S. Péru for her
support in analysing the results.

REFERENCES

[1] S. Goriely, S. Hilaire, M. Girod, S. Péru, Phys. Rev. Lett. 102, 242501 (2009).
[2] P. Ring, P. Schuck, «Nuclear Many-body Problem», Springer Science &

Business Media, 2004.
[3] S. Péru, M. Martini, Eur. Phys. J A 50, 1 (2014).
[4] J.L. Egido, Phys. Scr. 91, 073003 (2016).
[5] L. Robledo, T. Rodríguez, R. Rodríguez-Guzmán, J. Phys. G: Nucl. Part.

Phys. 46, 013001 (2018).
[6] L. Fortunato, Eur. Phys. J. A (Suppl. 1) 26, 1 (2005).
[7] K. Kumar, M. Baranger, Nucl. Phys. A 92, 608 (1967).
[8] J. Libert, M. Girod, J.-P. Delaroche, Phys. Rev. C 60, 054301 (1999).
[9] L. Próchniak et al., Nucl. Phys. A 648, 181 (1999).

[10] G. Bertsch et al., Phys. Rev. Lett. 99, 032502 (2007).
[11] J.-P. Delaroche et al., Phys. Rev. C 81, 014303 (2010).
[12] J.-P. Delaroche et al., Phys. Rev. C 109, 014320 (2024).
[13] A. Bohr, K. Danske Vidensk. Selsk., Mat.-Fys. Medd. 26, 1 (1952).
[14] T. Nikšić et al., Phys. Rev. C 79, 034303 (2009).
[15] L. Próchniak, S. Rohoziński, J. Phys. G: Nucl. Part. Phys. 36, 123101

(2009).
[16] J. Dechargé, D. Gogny, Phys. Rev. C 21, 1568 (1980).
[17] F. Chappert, M. Girod, S. Hilaire, Phys. Lett. B 668, 420 (2008).
[18] L. Batail et al., Phys. Lett. B 868, 139719 (2025).
[19] M. Frosini, Ph.D. Thesis, Université Paris-Saclay, 2021.
[20] M. Girod, B. Grammaticos, Nucl. Phys. A 330, 40 (1979).
[21] A. Baran et al., Phys. Rev. C 84, 054321 (2011).
[22] K. Washiyama, N. Hinohara, T. Nakatsukasa, Phys. Rev. C 109, L051301

(2024).

http://dx.doi.org/10.1103/PhysRevLett.102.242501
http://dx.doi.org/10.1140/epja/i2014-14001-6
http://dx.doi.org/10.1088/0031-8949/91/7/073003
http://dx.doi.org/10.1088/1361-6471/aadebd
http://dx.doi.org/10.1088/1361-6471/aadebd
http://dx.doi.org/10.1140/epjad/i2005-07-115-8
http://dx.doi.org/10.1016/0375-9474(67)90636-7
http://dx.doi.org/10.1103/PhysRevC.60.054301
http://dx.doi.org/10.1016/S0375-9474(99)00023-8
http://dx.doi.org/10.1103/PhysRevLett.99.032502
http://dx.doi.org/10.1103/PhysRevC.81.014303
http://dx.doi.org/10.1103/PhysRevC.109.014320
http://dx.doi.org/10.1103/PhysRevC.79.034303
http://dx.doi.org/10.1088/0954-3899/36/12/123101
http://dx.doi.org/10.1088/0954-3899/36/12/123101
http://dx.doi.org/10.1103/PhysRevC.21.1568
http://dx.doi.org/10.1016/j.physletb.2008.09.017
http://dx.doi.org/10.1016/j.physletb.2025.139719
http://dx.doi.org/10.1016/0375-9474(79)90535-9
http://dx.doi.org/10.1103/PhysRevC.84.054321
http://dx.doi.org/10.1103/PhysRevC.109.L051301
http://dx.doi.org/10.1103/PhysRevC.109.L051301

	1 Introduction
	2 Formalism
	3 Results
	4 Conclusions

