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We study the three-pion decays of vector mesons, V → π+π−π0 (V =
ω, ϕ, J/ψ), within the framework of Khuri–Treiman to account for analyt-
icity, unitarity, and crossing symmetry. Using once-subtracted dispersion
relations, we perform a simultaneous analysis of the ω, ϕ → 3π Dalitz
plot and of the ω/ϕ → π0γ∗ transition form factor measurements finding
good agreement with these experimental data. We also analyze the di-pion
invariant mass distributions of the vector charmonium decay J/ψ → 3π
experimental data, and predict the J/ψ → π0γ∗ form factor.
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1. Introduction

In this work, we review the dispersive analyses of the three-pion decay
modes of vector mesons, V → π+π−π0 (V = ω, ϕ, J/ψ), and of the transition
form factors, V → π0γ∗, carried out by the JPAC Collaboration in Refs. [3,
6, 10].

2. Formalism

2.1. Decay amplitude and kinematics

The V (pV ) → π0(p0)π
+(p+)π

−(p−) amplitude can be expressed as

M(s, t, u) = i ϵµναβ ϵ
µ(pV ) p

ν
+ p

α
− p

β
0 F (s, t, u) , (1)

∗ Presented at the Excited QCD 2026 Workshop, Granada, Spain, 8–14 January, 2026.

(4-A10.1)

https://www.actaphys.uj.edu.pl/findarticle?series=sup&vol=19&aid=4-A10
https://orcid.org/0000-0003-1947-5420


4-A10.2 S. Gonzàlez-Solís

where ϵµναβ is the Levi-Civita tensor, ϵµ(pV ) is the polarization vector of
the decaying V meson, and F (s, t, u) is the single invariant scalar function
containing the dynamical information. The particle momenta are related
to the Mandelstam variables through: s = (p+ + p−)

2, t = (p0 + p+)
2,

u = (p0 + p−)
2 with s + t + u = m2

V + 3m2
π (in the isospin limit with

mπ = mπ±).
The scattering angle in the s-channel, defined by the center of mass of

the π+π− pair, is denoted by θs and is given by cos θs(s, t, u) = (t−u)/
(4 p(s) q(s)) and sin θs(s, t, u) = (

√
ϕ(s, t, u))/(2

√
s p(s) q(s)), where p(s) =

λ1/2(s,m2
π,m

2
π)/(2

√
s ) and q(s) = λ1/2(s,m2

V ,m
2
π)/(2

√
s ) are, respectively,

the momenta of the π± and π0 in the s-channel, and where λ(a, b, c) =
a2 + b2 + c2 − 2ab − 2bc − 2ca is the Källén, or triangle, function. The
zeroes of the Kibble function, ϕ(s, t, u) = (2

√
s sin θs p(s) q(s))

2
= s t u −

m2
π(m

2
V −m2

π)
2, define the boundaries of the physical regions of the process.

The Dalitz-plot boundaries in t for a given value of s for V → 3π lie within
the interval [tmin(s), tmax(s)], with tmax,min(s) =

m2
V +3m2

π−s
2 ± 2 p(s) q(s),

while the allowed range for s is given by smin = 4m2
π to smax = (mV −mπ)

2.
Finally, the differential decay width reads

d2Γ

dsdt
=

1

(2π)3
1

32m3
V

1

3

ϕ(s, t, u)

4
|F (s, t, u)|2 . (2)

2.2. Khuri–Treiman equations for V → π+π−π0 (V = ω, ϕ, J/ψ)

The Khuri–Treiman (KT) formalism for the V → 3π amplitude F (s, t, u)
is well-established [1–6]. As shown in these references, the s-channel partial-
wave expansion for F (s, t, u) is given by

F (s, t, u) =

∞∑
J odd

(p(s) q(s))J−1 P ′
J(zs) fJ(s) , (3)

where zs = cos θs, P ′
J(zs) is the Legendre polynomial derivative, and fJ(s) is

the partial waves of total angular momentum J . The KT representation of
F (s, t, u) in Eq. (3) is obtained by replacing the infinite sum of partial waves
in the s-channel with the sum of three so-called isobar amplitudes, one for
each of the s-, t-, and u-channels. Truncating the partial-wave expansion
of each isobar amplitude at Jmax = 1, we obtain the following crossing-
symmetric isobar decomposition [1–3, 6]: F (s, t, u) = F1(s)+F1(t)+F1(u),
where each isobar amplitude, F1(x), has only a right-hand or unitary cut in
its respective Mandelstam variable. The relation between F1(s) and f1(s) is
obtained by projecting F (s, t, u) onto the s-channel partial wave
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f1(s) = F1(s) + F̂1(s) , F̂1(s) ≡ 3

1∫
−1

dzs
2

(
1− z2s

)
F1(t(s, zs)) , (4)

where the inhomogeneity F̂1(s) contains the s-channel projection of the left-
hand cut contributions due to the t- and u-channels, and its evaluation in
the decay region requires a proper analytical continuation [8]. Assuming
elastic unitarity with only two-pion intermediate states, we arrive at the KT
equation for the V → 3π decay, i.e. the unitarity relation for the isobar
amplitude F1(s): discF1(s) = 2i(F1(s) + F̂1(s)) sin δ1(s) e

−iδ1(s)θ(s− 4m2
π),

where δ1(s) is the P -wave ππ phase shift, which is real.
Given the discontinuity relation above, one can write an unsubtracted

dispersion relation for F1(s) as

F1(s) =
1

2πi

∞∫
4m2

π

ds′
discF1(s

′)

s′ − s
, (5)

the solution of which can be written as

F1(s) = Ω1(s)

a+ s

π

∞∫
4m2

π

ds′

s′
sin δ1(s

′) F̂1(s
′)

|Ω1(s′)| (s′ − s)

 , (6)

where Ω1(s) is the usual Omnès function [9]

Ω1(s) = exp

 s
π

∞∫
4m2

π

ds′

s′
δ1(s

′)

s′ − s

 . (7)

The subtraction constant a in Eq. (6) is the only free parameter in the model.
It is in general complex, a = |a| eiϕa , and can be factored out (F̂1(s) shares
phase with a through Eq. (4)) since it determines the overall normalization
of the amplitude. While its modulus |a| can be fixed from the experimental
V → 3π decay width, no observable of the decay is sensitive to the overall
phase ϕa, so we can set ϕa = 0.

One can write a once-subtracted dispersion relation for F (s) in the form

F1(s) = Ω1(s)

a+ b′ s+
s2

π

∞∫
4m2

π

ds′

(s′)2
sin δ1(s

′) F̂1(s
′)

|Ω1(s′)| (s′ − s)

 , (8)
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where b′ satisfies the following sum rule [1]:

b ≡ b′/a =
1

π

∞∫
4m2

π

ds′

(s′)2
sin δ1(s

′) F̂1(s
′)/a

|Ω1(s′)|
. (9)

Performing one subtraction on Eq. (5) leads to the solution [1, 3, 6]: F1(s) =
a[Fa(s)+ b Fb(s)], where now b is not constrained to satisfy Eq. (9), and the
functions Fa(s) and Fb(s) are given by

Fa(s) = Ω1(s)

1 + s2

π

∞∫
4m2

π

ds′

s′2
sin δ1(s

′) F̂a(s
′)

|Ω1(s′)|(s′ − s)

 , (10)

Fb(s) = Ω1(s)

s+ s2

π

∞∫
4m2

π

ds′

s′2
sin δ1(s

′) F̂b(s
′)

|Ω1(s′)|(s′ − s)

 . (11)

These functions only need to be calculated once since they are independent of
the numerical values of the fit parameters a and b. As a matter of example,
in Fig. 1, we show the solutions for the ϕ → 3π decay for Fa(s) using
a numerical iterative procedure detailed in Refs. [3, 6, 10].
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Fig. 1. Convergence behavior of the iterative procedure for the real (left plot) and
imaginary (right plot) parts of the amplitudes Fa(s) (Eq. (10)). The shaded area
represents the physical ϕ→ 3π decay region, i.e., 4m2

π ≪ s≪ (mϕ −mπ)
2.
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2.3. Transition form factor V → π0γ∗

We introduce here the V → π0γ∗ transition form factor fV π∗(s). We
include the two-pion intermediate state contribution to the discontinuity

discfV π0(s) = i
p3(s)

6π
√
s
F V
π

∗
(s) f1(s) θ

(
s− 4m2

π

)
, (12)

which requires as input the V → 3π amplitude f1(s) given in Eq. (4) and the
pion vector form factor complex-conjugate F V

π
∗
(s), which we approximate

by the Omnès function (complex-conjugate) given in Eq. (7). We use a once-
subtracted dispersion relation for the TFF of the form

fV π0(s) = |fV π0(0)| eiϕV π0 (0) +
s

12π2

∞∫
4m2

π

ds′

(s′)3/2
p3(s′)F V

π
∗
(s′) f1(s

′)

(s′ − s)
. (13)

The modulus of the subtraction constant |fV π0(0)| can be fixed from the
measured V → π0γ partial decay width

Γ
(
V → π0γ

)
=
e2

(
m2

V −m2
π0

)3
96πm3

V

|fV π0(0)|2 , (14)

while the phase ϕV π0(0) is a free parameter that can only be accessed from
the transition form factor experimental data (see e.g. Ref. [3]).

3. Results

We compare our KT amplitudes defined in the previous section to the
following experimental information: (i) the ω → 3π Dalitz-plot parameters
from BESIII [11] and ω → π0γ∗ TFF experimental data by the A2 [12] and
NA60 [13] collaborations; (ii) the measurement of the ϕ→ 3π decay Dalitz
plot [14] and the transition form factor ϕ→ π0γ∗ [15] by KLOE; (iii) the di-
pion mass projection of the J/ψ → 3π experimental data from BESIII [16].
In the following, we highlight the main findings from Refs. [3, 6, 10].

For ω → 3π, we find good agreement between the BESIII Dalitz-plot
parameters and our results, as it can be seen in Table 1. In Fig. 2, we
present the residuals for the ϕ→ 3π Dalitz plot, defined as the difference for
each bin between the theoretical fitted and experimental values from KLOE
divided by the experimental error. As we observe, the residuals do not show
any patterns, suggesting that no regions in the Dalitz plot are described
better than others. Furthermore, we have verified that the distribution of
residuals approximately follows a normal distribution centered around zero,
with a standard deviation of one. In summary, all of these observations,
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combined with the values of χ2/d.o.f. ≃ 1, confirm that the description
of the event distribution throughout the Dalitz-plot region is very accurate.
Lastly, the result of the fit to the J/ψ → 3π experimental data from BESIII is
shown in Fig. 2. It can be seen that the fit provides a satisfactory description
of the ρ(770) shape seen in the data.

Table 1. BESIII ω → 3π [11] Dalitz-plot parameters α, β, γ, and our results from [3].

Dalitz parameters α× 103 β × 103 γ × 103

BESIII 111(18) 25(10) 22(29)

This work I 112(15)(2) 23(6)(2) 29(6)(8)

This work II 109(14)(2) 26(6)(2) 19(5)(4)
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Fig. 2. (Color online) Left: Residuals for the ϕ→ 3π Dalitz plot (see the main text
for details). Right: BESIII (red circles) [16] measurement of the mππ invariant
mass distribution for J/ψ → 3π as compared to our fit (black solid line). See
Refs. [6, 10] for details.

We now discuss the value of the subtraction constant b. We present
the fitted value in the lower part of Table 2, while the upper part displays
the value of the sum rule bsum (cf. Eq. (9)). A comparison between the
ω → 3π and ϕ → 3π cases reveals a striking difference in the value of the
subtraction constant. In the ϕ case, the fitted value is close to the sum-
rule value, which would reduce the once-subtracted dispersion relation to
an unsubtracted form. This sharply contrasts with the ω case, where the
fitted value significantly deviates from the sum rule. As discussed in Ref. [3],
this deviation is primarily driven by the transition form factor high-energy
data points from NA60. These intriguing difference should encourage new
experimental analyses. The subtraction for the J/ψ → 3π stays close to its
sum-rule prediction. Therefore, we conclude that the ππ P -wave phase shift
saturates the sum rule for the J/ψ → 3π partial wave to about 75%.
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Table 2. Values of the parameter b given by the sum rule (upper part) and obtained
through the fit (lower part) for each process. See Ref. [3] for details.

Subtraction constant ω ϕ J/ψ

bsum 0.55 e0.15 i 0.79 e0.69 i 0.141 e2.321 i

bfit 2.65(35) e1.70(27) i 0.76 e0.43 i 0.198(35) e2.675(300) i

Finally, the results for the ω → π0γ∗ and ϕ → π0γ∗ TFF are shown in
Fig. 3 (see Ref. [6] for our predictions of J/ψ → π0γ∗). It can be seen that
both of them agree well with the experimental data, except for the highest
two points of the NA60 data for ω → π0γ∗ and that our description for
ϕ→ π0γ∗ falls slightly below the central values.Eur. Phys. J. C (2020) 80 :1107 Page 9 of 18 1107

Fig. 6 Dependence of the Dalitz plot parameters (X = α,β, γ ) when
a cutoff $ is used as an upper integration limit in the TFF dispersive rep-
resentation, Eq. (2.28). This dependence is used to estimate a systematic
uncertainty. See the text for more details

in order to quantify potential uncertainties from it, we study
the dependence of our fits for a finite upper limit $ in the
integral in Eq. (2.28). In particular, we fit the free parameters
for running finite values of the cutoff $, obtaining also the
output quantities (Dalitz plot parameters and TFF) for these
cutoff values. In general, we observe that the results for a
cutoff $ ! 1 GeV2 are already very similar to the case when
$ = ∞. For instance, in Fig. 6 we represent the dependence
on $ of the Dalitz plot parameters (to be discussed later
on), for the “3 par.”, “low φωπ0(0)” case. The uncertainty we
attach to every quantity is the absolute value of the difference
between the fits performed for $ = ∞ and $ = (mω +
mπ )

2. This latter value is the ωπ threshold, beyond which
our model would be certainly not reliable. We observe that
the uncertainty attached to the fitted parameters and to the
Dalitz plot parameters is sizeable, but not for the TFF itself,
due to the fact that it dominates the (2-like function. For this
reason, we do not show a systematic uncertainty of the TFF
in what follows.

The results for the TFF are shown in Fig. 7 for the low and
high φωπ0(0) solutions. It can be seen that both of them agree
very well with the experimental points, except for the highest
two points of the NA60 data.3 Also, it should be noted that
both solutions are almost indistinguishable. The largest dif-
ference is at the ωπ0 invariant mass

√
s ! 0.3 GeV, which

is near the 2π threshold, but even there they are compati-
ble at 1) level. Although we will later on compare in detail
our results with other approaches, it is worth pointing out

3 These two points give a contribution of around 17 to (2
NA60. However,

we note that fits without these two points give similar results as the ones
discussed in the text.

Fig. 7 Normalized ωπ0 TFF, | fωπ0 (s)/ fωπ0 (0)|2. The data are taken
from Refs. [36–38]. The lines, and their associated error bands, represent
our two different solutions, which overlap almost completely in the ωπ0

invariant mass range shown. The case shown here is that corresponding
to the “3 par.” fit. The curves for the “2 par.” case are very similar.
For comparison, we also show the Vector Meson Dominance (dot-dot-
dashed brown) prediction, and that of the model without KT equations
(dotted pink curve) discussed in Sect. 3.3, cf. Eqs. (3.4)

here that our theoretical description of the data represents an
improvement over previous theoretical analyses [22,68,75].

We note that the different phase φωπ0(0) in both solutions
translates into a difference in the phase of the TFF in a large
region of ωπ0 invariant mass, up to

√
s ! 0.6 GeV, as shown

in Fig. 8. For energies
√
s ! 0.6 GeV the phase motion asso-

ciated with the ρ meson kicks in, and both solutions approxi-
mately converge. This phase, or more properly the phase dif-
ference φωπ0(0)− φa (see Sect. 2.3) has not been measured,
to the best of our knowledge, and thus Fig. 8 constitutes a pre-
diction for it.4 Finally, we note that the “low φωπ0(0)” solu-
tion is rather close to φωπ0(0) = 0, and the “high φωπ0(0)”
is close (but less than the previous one) to φωπ0(0) = π . If
the amplitudes were computed from a Lagrangian approach
with a stable ω, the couplings in the Lagrangians would be
real. Then, one would expect real values for a and fωπ0(0),
and thus their relative phase could only be 0 or π . Anyhow,
we find that the inclusion of this phase with a value different
from 0 or π improves the description of the data, since they
are different from zero by approximately 2) .

In what relates to the Dalitz plot parameters, we find good
agreement between the input taken from BESIII and our
results, see Table 1, which results in the low (2

DP shown in
Table 2, in the four cases considered (low or high φωπ0(0), 2
or 3 Dalitz plot parameters). The largest difference between

4 A different prediction is given in Ref. [68], as discussed later on in
Sect. 3.3.
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Fig. 3. Normalized transition form factor modulus squared in logarithmic scale as
a function of

√
s of the processes ω → π0γ∗ (left) and ϕ→ π0γ∗ (right).

4. Summary

In this work, we have shown that the Khuri–Treiman equations provide
a robust theoretical framework for the analyses of the V → 3π decays and
V → π0γ∗ transition form factors incorporating the fundamental principles
of analyticity, unitarity, and crossing symmetry via dispersion relations.
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