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In this paper, we review our recent work on ππ scattering. We present
new global fits that describe all experimental data up to 1.8 GeV while
satisfying dispersive constraints, within uncertainties, up to 1.6 GeV. Using
continued fractions to continue forward dispersion relations analytically,
we extract the pole parameters of the f0(500), ρ(770), f0(980), f2(1270),
f0(1370), ρ(1450), f0(1500), and ρ3(1690) in a model-independent way.
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1. Introduction

A precise description of low-energy ππ interactions is central in hadronic
physics, as pion rescattering plays a role in many processes. Interest in ππ
scattering has grown in recent decades, driven by high-precision data from
experiments such as ALICE, Belle, and LHCb, as well as constraints from
lattice QCD at increasingly low pion masses. Moreover, these interactions
provide access to hadronic resonances in the non-perturbative QCD regime.

Regarding ππ → ππ data [1–8], most of them were extracted indirectly
in the 1970s from πN → ππN ′ reactions using a number of approximations.
As a result, the various datasets suffer from large systematic uncertainties,
are often mutually inconsistent, and do not satisfy dispersive constraints. In
addition, several experiments admit multiple solutions for the same data [1,
5, 6, 8], which become incompatible above 0.9 GeV.
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A powerful tool to address this “data problem” is Dispersion Theory,
which follows from the analyticity properties of the scattering amplitude and,
ultimately, from causality. It leads to integral equations, usually referred
to as dispersion relations, which can also incorporate other fundamental
principles such as Lorentz invariance, unitarity, and crossing symmetry.

Dispersive constraints not only allow us to decide among different data-
sets and data solutions, but also provide a solution for the so-called “model
problem” [9]. Resonances are defined by the associated pole position√
spole = MR − iΓR/2 in the scattering amplitude, and this definition is

process-independent. The residue of the pole is related to the coupling of
the resonance to a given channel. Extracting resonance masses, widths, and
couplings is therefore challenging, since it requires a reliable analytic contin-
uation from the physical real-s axis into the complex plane. In practice, these
quantities are often obtained from models such as isobar models or Breit–
Wigner-like parametrizations, but these approaches do not provide reliable
analytic continuations when the resonance lies deep in the complex plane
or is not well isolated from other singularities. This “model problem” can
be addressed with dispersion relations, which provide a model-independent
continuation into the complex plane below the first inelastic threshold. Even
for resonances above inelastic thresholds, dispersive constraints can be used
to restrict the amplitude on the real axis, and then continue it analytically
with a reliable and stable method.

Here, we review our results from [10, 11]. In the first work, we provided
dispersively constrained ππ global parametrizations that addressed the “data
problem”, whereas in the very recent [11], we have extracted the resonance
parameters in a model-independent way from the dispersive output of the
global parametrizations, using continued fractions [12] for the analytic con-
tinuation.

2. Dispersively constrained Global Fits

In [10], our main goal was to improve previous dispersive analyses from
our group [13–17]. In particular, a set of partial waves (CFD) with ℓ ≤ 3 was
given in [16]. They described ππ scattering data up to 1.4 GeV, while sat-
isfying forward dispersion relations (FDRs) up to that energy, and Roy [18]
and GKPY [16] dispersion relations up to 1.1 GeV for the S and P partial
waves. Then, S0 and P global parametrizations (where global means that
they describe all the available data) were provided in [17]. They were ob-
tained by fitting the CFD parametrizations and the three data solutions I,
II, and III [1, 5, 6, 8] that exist above 1.4 GeV.
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Nevertheless, some aspects of these dispersive analyses could be im-
proved. First, a revision of the inelasticities for the S2, P , and D0 waves
was necessary close to the inelastic thresholds. Second, we had to provide
global parametrizations for the S2, D, and F waves, valid up to at least
1.8 GeV and describing all the available data. Third, in [16], there was a
mismatch between the Regge regime and the partial-wave amplitudes, which
introduced some artifacts in the FDRs close to 1.4 GeV. Finally, by intro-
ducing new global G waves, the FDR fulfillment could be extended beyond
1.4 GeV for some of the amplitudes. In [10], we presented our new sets of
dispersively constrained Global Fits I, II, and III (fitting data solutions I,
II, and III, respectively), which address all those caveats and present ad-
ditional improvements. The most significant results can be seen in Fig. 1.
They were obtained via a constrained fit to the data, imposing the dispersive
constraints as penalty functions. The fulfillment of the FDRs containing the
P wave was extended to 1.6 GeV, while Roy and GKPY equations were also
imposed. The results for the Global Fit I, which is the one that satisfies the
dispersive constraints slightly better, can be seen in Fig. 2.
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Fig. 1. Some of the improvements from our new ππ dispersive analysis [10]: updated
global P wave (left), new global D0 wave (center), and the new matching with the
Regge regime (right), which has been improved and extended up to 1.6 GeV for
the amplitudes containing the P wave. The results correspond to the Global Fit I
and improve upon the previous CFD [16] and previous Global Fits [17].
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Fig. 2. Global Fit I [10] fulfillment of the dispersive constraints: forward (upper
row), Roy (central row), and GKPY (lower row) dispersion relations. The contin-
uous lines mark the real part of the amplitudes obtained from dispersive integrals,
whereas the dashed lines are obtained directly from the global parametrizations.
The bands attached to the dashed lines are the error of their differences.

3. Determination of ππ resonances

In our recent work [11], we have presented model-independent and disper-
sive determination of resonances. Below 1.7 GeV, we have obtained pole pa-
rameters that we associated with the following resonances: f0(500), ρ(770),
f0(980), f2(1270), f0(1370), ρ(1450), f0(1500), and ρ3(1690). To do that,
we have continued the FDR output analytically, using the dispersively con-
strained Global Fits from [10] as input, by means of continued fractions [12].
This method consists of interpolating the output of the FDRs at N points
along a real-s segment with a set of nested fractions, yielding a Padé approx-
imant of order ((N − 1)/2, (N − 1)/2) that contains poles. We then search
for poles in the complex plane and compute a weighted average after vary-
ing N , the Global Fit parameters, and the interpolated segments. We refer
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to this procedure as the FDRCN
method. From the F 00 amplitude, we have

extracted isoscalar resonance values compatible and competitive with those
obtained in [19, 20]. In the isovector sector, using the continuation of the
F 0+ amplitude (see Fig. 3), we have obtained two resonances inaccessible to
us before: the ρ(1450) and the ρ3(1690). For the ρ(770), our results again
agree with previous work from our group. However, we have found no sta-
ble pole that could be associated with a putative ρ(1250), recently claimed
in [21] from the same data that we analyzed [1, 6]. As shown in [11], we
have also checked several features of our method, including the stability of
the results under changes in N and the reliability of the continuation.

Fig. 3. Representative analytic continuation of the F 0+ FDR output, using the
FDRCN

method with the Global Fit I parametrizations from [10]. We extract the
pole parameters of the ρ(770), ρ(1450), and ρ3(1690) resonances.

4. Summary

In this paper, we have reviewed our recent results from [10, 11]. They
provide an improved dispersive and model-independent description of ππ
interactions, their uncertainties, and the lightest resonances produced in
them. The new Global Fits describe all the available data while satisfying
dispersive constraints up to 1.6 GeV. Regarding the resonances, our results
are not only compatible with previous works, but also include the description
of the ρ(1450) and the ρ3(1690) resonances.
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