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We discuss some aspects of the uniqueness of analytically continuing
Euclidean Green functions obtained by means of the Dyson–Schwinger
equations (DSE) and constrained by lattice data, back to Minkowski space
with physical p2.
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1. Extending Euclidean solutions to the Minkowski regime

Traditionally, computations of fundamental Green’s functions of Quan-
tum Chromodynamics (QCD) from its Dyson–Schwinger equations (DSE)
[1–4] have been performed in the Euclidean regime. This trend has con-
tinued in more recent works [5–8] and is common to other approaches such
as Lattice gauge theory [9–11]. Approximations to these functions directly
from Minkowski kinematics do exist, such as via Covariant Spectator Theory
[12] or dispersive representations [13].

In recent work [14], fits to the Euclidean DSE/lattice quark–gluon ver-
tex Γµ have been employed to explain how decay matrix elements result in
3P0 quark–antiquark quantum numbers at low momentum (at higher one,
the chiral 3S1 structure is found instead). The vertex therein is computed
for positive Euclidean variables p2E (generically, a complex-plane variable z)
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and the decay matrix element is necessary for physical, on-shell momen-
tum p2 = m2

q , which corresponds to specific points along the real, negative
p2E = −p2 half axis upon inverting the Wick rotation. We here explore the
uniqueness of such an analytic continuation and some of its uncertainties.

2. Ambiguity in the analytic continuation

We aim to expose the important ambiguity inherent in analytically con-
tinuing a function that is known only at a finite set of points. But first, we
remind the reader that the analytic continuation is possible.

2.1. Extending a finite data set

The discrete data points are typically lattice calculations or numerical
solutions to truncated Dyson–Schwinger equations (DSE), but in other cir-
cumstances, one can also think of extending experimental measurements. To
keep the discussion generic, we will denote the sampled values of the inde-
pendent variable p2E by an, and the Green function values by An = f(an) for
n = 1, ..., k. A direct way of extending these (an ̸= 0, An) pairs to an analytic
function is to construct the Weierstrass polynomial and its derivative

W (z) =
k∏

n=1

(
1− z

an

)
, W ′(z) =

k∑
m=1

− 1

am

∏
n̸=m

(
1− z

an

)
, (1)

where W (z) clearly has zeroes at z = an ∀n. Upon substituting z = ap for
a given p in the derivative, all terms in the sum are zero but one, that with
m = p,

W ′(ap) = − 1

ap

∏
n̸=p

(
1− ap

an

)
. (2)

The Weierstrass polynomial allows one to construct an entire function,
F (z), whose image contains the wanted values, F (an) = f(an) = An ∀n. For
this, a denominator z−an is used to compensate the zero of the Weierstrass
polynomial at the given point an; 1/W ′ is used to cancel the remaining
monomials, and the factors An then set the correct function values

F{An}(z) =
k∑

n=1

W (z)

z − an

An

W ′(an)
. (3)

This function extends the data to the entire complex plane analytically.
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2.2. The extension is not unique

To expose the ambiguity of any analytic extension, it is enough to write
down a more general function family, parametrized by γn ∈ R, satisfying the
same conditions (setting z = p2E, the Euclidean momentum)

F{γn}
(
p2E

)
=

k∑
n=1

eγn(p
2
E−an)W

(
p2E

)
p2E − an

An

W ′(an)
. (4)

(The addition of a small positive imaginary part to all the parameters, γn →
γn + iϵ forces Fγn → 0 for |p2E| → ∞ in the upper half plane, but it has an
essential singularity at infinity nonetheless. It does not yield a tempered
distribution, so it would not appear in a local field theory.)

Figure 1 shows an example set of points and two plausible functions Fγn

which via this Eq. (4) (except with a Gaussian eγ(p
2
E−an)2 instead of a simple

exponential) can be used to extend them, with respective parameters γn =
−10 (blue/dark gray) and γn = −12 (green/light gray).

Fig. 1. (Color on-line) Left: Circles (red): small sample of the gluon propagator
data, taken as a function f(x) whose analytic extension is wanted. Lines: two
possible analytic functions passing by all points from the Weierstrass construction
in Eq. (4). Right: Example analytic continuation of the same data of Fig. 1 with
one pole and one log cut on the left axis, imposing monotonicity.

The figure clearly illustrates that, since numerically represented func-
tions are not known over a complete segment, the analytic extension is not
unambiguous without additional hypothesis. For example, to discard func-
tions with unwanted oscillation, we can impose the condition of monotonicity
between any two consecutive pairs of points.

2.3. Adding singularities

Titchmarsh’s theorem applied to causal Green’s functions [15] forbids
poles on the energy upper-half plane p0 = E + iϵ, ϵ > 0. Upon folding to
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the Lorentz-invariant p2 = (p0)2 − p2 = (E2 − ϵ2)− p2 + 2iEϵ, because the
(real part of the) energy E may have either sign, the first Riemann sheet of
p2 must be singularity-free, except on its real, positive axis (which becomes
the negative one upon swapping to Euclidean momentum p0E = ip0). This
means that, a priori, there is no obstruction to analytically continuing over
the first Riemann sheet to the left p2E < 0 half-axis, but singularities could
appear there (and also in other Riemann sheets if the function is cut).

The sought function is now assumed to be analytic in the extended do-
main, but to maybe present poles outside that region of interest, say for very
negative real p2E < 0. These poles can be incorporated as follows, to yield
a nonunique meromorphic function f(z). The poles may be isolated (in one
dimension), or eventually, form surfaces in C3 (each generated by, say for
the quark–gluon vertex Γ (p21E, p

2
2E, p

2
gE), finding a pole in one variable p21E

and then varying its position upon displacing p22E and p2gE).
To incorporate poles of F at given locations (for example, the CDD

poles [16] of scattering theory), the construction of Eq. (4) can be modified
to fix the values of the function to the “data” points while adding a pole of
order N at z = z∗ simply by

F{γn},z∗
(
p2E

)
=

k∑
n=1

eγn(p
2
E−an)W

(
p2E

)
p2E − an

An

W ′(an)
+

W
(
p2E

)(
p2E −

(
p2E

)∗)N . (5)

The function at the given data points is unaffected because W (an) = 0. The
extension to a function which displays a cut is now obvious, for example,

F̃{γn}
(
p2E

)
=

k∑
n=1

eγn(p
2
E−an)W

(
p2E

)
p2E − an

An

W ′(an)
+W

(
p2E

)
log

(
p2E−

(
p2E

)∗)
. (6)

3. The asymptotic behaviour is insufficient to lift the ambiguity

In this section, we dispel the idea that the asymptotic behaviour of
a Green function at large Euclidean momentum — known from perturbation
theory — can uniquely determine its analytic continuation.

For example, suppose that a behaviour of the form (p2E)
−K at infinity is

desired. One might attempt to modify Eq. (6) by introducing a multiplica-
tive factor depending on a parameter a ∈ R

F{γn}
(
p2E

)
=

[
k∑

n=1

eγn(p
2
E−an)W

(
p2E

)
p2E − an

A′
n

W ′(an)

] (
p4E + a2

)−k/2−K/2
. (7)

(This choice preserves the reality of the function along the real axis, while
introducing additional poles and branch cuts at p2E = ±ia; these, however,
are not relevant for the present argument.)
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The values at the data points must then be adjusted through suitable
coefficients A′

n. As an illustration, consider a mass function satisfying the
anomalous-dimension equation along the negative real axis

K = −
p2E

M
(
p2E

) dM
dp2E

, (8)

with K = 3CF
(4π)2

, where CF is the fundamental Casimir.
We now invoke Arakelyan’s theorem to show that, even when both the

data and the asymptotic behaviour are fixed, the analytic continuation re-
mains non-unique. The theorem states:

Let Ω ⊂ C be an open set and E ⊂ Ω a relatively closed subset, with
interior E◦. Then, for every function f that is continuous on E and holo-
morphic on E◦, and for every ε > 0, there exists a holomorphic function
g̃ : Ω → C such that

|f(z)− g̃(z)| < ε for all z ∈ E , (9)

if and only if the Alexandroff compactification Ω∗ is connected and locally
connected.

The case Ω = C and E = R is particularly relevant, since C∗ \ R is
connected and locally connected.

Suppose we seek an entire function g that takes real values on R, matches
a finite set of (numerically determined) data points {a1, . . . , aN}, and satis-
fies a prescribed asymptotic condition such as

lim
x→+∞

g(x)

x2
= 1 . (10)

To demonstrate the ambiguity, construct an auxiliary continuous func-
tion f : R → R such that: f(ak) = g(ak) for all data points, f(x) shares the
same asymptotic behaviour, but f differs from g at some point x0 ∈ R, with
|f(x0)− g(x0)| = 1 + ε. Such a function is straightforward to construct.

By Arakelyan’s theorem, there exists an entire function g̃ approximating
f on R

|f(z)− g̃(z)| < ε , (11)

while still satisfying the asymptotic condition and reproducing the data
within numerical accuracy, g̃(ak) ≈ g(ak).

Choosing ε smaller than the numerical uncertainty in the data allows
one to enforce exact interpolation, g̃(ak) = g(ak), without affecting the
argument. We thus obtain two distinct functions g and g̃ that share the
same asymptotic behaviour, reproduce the same data points, yet differ by a
finite amount at some point x0.
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4. Commentary

As a consequence of the discussion on the ambiguity, the various meth-
ods employed in searching for adequate analytic extensions, such as Padé
Approximants (including Schlessinger’s Point Method), direct numerical so-
lutions of the differential Cauchy Riemann Equations, or the extension via
a Källen–Lehmann representation (a Stieltjes transform), entail ambiguity
which manifests itself in various forms depending on the chosen method.

We thus need to sweepe the space of functions passing by the data
and satisfying certain reasonable conditions, and extrapolating all the func-
tions of this fascis, generate different possible analytic extrapolations to
the Minkowski point, which provide us with an uncertainty band on the
extrapolated value. For example, imposing the additional requirements of
monotonicity, one particle pole and one cut (right plot of Fig. 1), one can
obtain a “cleaner” extrapolation.

Supported by grants PID 2022-137003NB-I00 and 2023-148162NB-C2 of
the Spanish MCIN/AEI/10.13039/501100011033/ and MICIU.

REFERENCES

[1] C.D. Roberts, A.G. Williams, Prog. Part. Nucl. Phys. 33, 477 (1994).
[2] R. Alkofer, L. von Smekal, Phys. Rep. 353, 281 (2001).
[3] R. Alkofer, C.S. Fischer, F.J. Llanes-Estrada, Phys. Lett. B 611, 279 (2005).
[4] C.S. Fischer, J. Phys. G: Nucl. Part. Phys. 32, R253 (2006).
[5] M. Peláez et al., Phys. Rev. D 96, 114011 (2017).
[6] M.Q. Huber, Phys. Rev. D 101, 114009 (2020).
[7] A.C. Aguilar et al., Eur. Phys. J. C 84, 676 (2024).
[8] A.C. Aguilar et al., Eur. Phys. J. C 84, 1231 (2024).
[9] O. Oliveira et al., Acta Phys. Pol. B Proc. Suppl. 9, 363 (2016).

[10] O. Oliveira et al., Eur. Phys. J. C 79, 116 (2019).
[11] M. Colaço, O. Oliveira, P.J. Silva, Phys. Rev. D 109, 074502 (2024).
[12] E.P. Biernat et al., Phys. Rev. D 98, 114033 (2018).
[13] V. Sauli, Phys. Rev. D 106, 094022 (2022).
[14] R. Alkofer, F.J. Llanes-Estrada, A. Salas-Bernardez, Phys. Rev. D 109,

074015 (2024).
[15] F.J.Llanes-Estrada, R. Roldán-González, SciPost Phys. Core 5, 016 (2022).
[16] L. Castillejo, R.H. Dalitz, F.J. Dyson, Phys. Rev. 101, 453 (1956).
[17] S.J. Gardiner, «Harmonic Approximation», Cambridge University Press,

1995.

http://dx.doi.org/10.1016/0146-6410(94)90049-3
http://dx.doi.org/10.1016/S0370-1573(01)00010-2
http://dx.doi.org/10.1016/j.physletb.2005.02.043
http://dx.doi.org/10.1088/0954-3899/32/8/R02
http://dx.doi.org/10.1103/PhysRevD.96.114011
http://dx.doi.org/10.1103/PhysRevD.101.114009
http://dx.doi.org/10.1140/epjc/s10052-024-12970-9
http://dx.doi.org/10.1140/epjc/s10052-024-13605-9
http://dx.doi.org/10.5506/APhysPolBSupp.9.363
http://dx.doi.org/10.1140/epjc/s10052-019-6617-7
http://dx.doi.org/10.1103/PhysRevD.109.074502
http://dx.doi.org/10.1103/PhysRevD.98.114033
http://dx.doi.org/10.1103/PhysRevD.106.094022
http://dx.doi.org/10.1103/PhysRevD.109.074015
http://dx.doi.org/10.1103/PhysRevD.109.074015
http://dx.doi.org/10.21468/SciPostPhysCore.5.1.016
http://dx.doi.org/10.1103/PhysRev.101.453
http://dx.doi.org/10.1017/CBO9780511526220
http://dx.doi.org/10.1017/CBO9780511526220

	1 Extending Euclidean solutions to the Minkowski regime
	2 Ambiguity in the analytic continuation
	2.1 Extending a finite data set
	2.2 The extension is not unique
	2.3 Adding singularities

	3 The asymptotic behaviour is insufficient to lift the ambiguity
	4 Commentary

