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I present a new determination of |Vcs| and |Vcd|, using the latest CLEO
data on semileptonic D decays and the D → π and D → K form factors
obtained from QCD light-cone sum rules. This result emphasizes the uni-
versality of the method used before to calculate the B → π form factor and
determine |Vub| from B → πlν decay.

PACS numbers: 12.15.Hh, 13.25.Ft, 13.25.Hw

1. Introduction

The elements of the CKM matrix entering the flavour-changing quark
weak current in the Standard Model:

jWµ = (ū, c̄, t̄)LVCKMγµ

d
s
b


L

, (1)

can only be accessed via observable hadronic flavour-changing transitions.
Recent measurements of the semileptonic D → π`ν` and D → K`ν`

decays by the CLEO Collaboration [1, 2] provide new accurate data on the
decay rate distributions in bins of the variable q2 (invariant mass squared of
the lepton pair), yielding the products of transition form factors and CKM
matrix elements, |Vcdf+

Dπ(q2)| and |Vcsf+
DK(q2)|, where the form factors are

defined in a standard way:

〈π(K)(p)|jWµ |D(p+ q)〉 = Vcd(s)f
+
Dπ(K)(q

2)(2p+ q)µ + . . . . (2)

Aiming at a more accurate determination of |Vcd| and |Vcs|, we recently
revisited and updated [3] the light-cone sum rule (LCSR) calculation of the

∗ Presented at the FLAVIAnet Topical Workshop “Low energy constraints on exten-
sions of the Standard Model”, Kazimierz, Poland, July 23–27, 2009.

(193)



194 A. Khodjamirian

D → π and D → K form factors. We used the same procedure and input
as in our previous analysis of the B → π form factors [4] for the |Vub|
determination, hence an independent check of the method is provided.

2. Outline of LCSR calculation

To apply the standard LCSR method [5, 6] to the calculation of the
D → π form factor f+

Dπ , one considers the correlation function of jµ = dγµc
and j5 = mcciγ5u currents:

Fµ(p, q) =
∫
d4xeiqx〈π(p)|T{jµ(x)j5(0)}|0〉 = F ((p+ q)2, q2)pµ + . . . , (3)

isolating the appropriate Lorentz-structure. The invariant amplitude F is
calculated in terms of the light-cone operator product expansion (OPE):

FOPE((p+ q)2, q2) =
∑

t=2,3,4

∫
du Ct((p+ q)2, q2, u)⊗ ϕ(t)

π (u) , (4)

valid at (p + q)2, q2 � m2
c , that is, far from the physical thresholds. The

universal elements of this OPE are the pion distribution amplitudes (DAs)
ϕ

(t)
π of twist t, accumulating nonperturbative effects, whereas the process-

dependent coefficients Ct are perturbatively calculable. To obtain the sum
rule, the result of (4) is matched to the hadronic dispersion relation at
(p+ q)2 � m2

c :

FOPE((p+ q)2, q2) =
2m2

DfDf
+
Dπ(q2)

m2
D − (p+ q)2

+
1
π

∞∫
sD
0

ds
ImFOPE(s, q2)
s− (p+ q)2

, (5)

with the subsequent Borel transformation (p + q)2 → M2. In the above,
the form factor (2), multiplied by the D decay constant, 〈0|j5|D〉 = m2

DfD
enters the ground-state pole term, whereas quark–hadron duality is used to
estimate the contribution of higher states. This approximation introduces
a threshold parameter sD0 which is estimated by fitting the differentiated
LCSR to the measured D-meson mass value. Other important details of this
calculation can be found in [3,4]. Actually, we benefit from the universality
of the method, employing the perturbative coefficients Ct from LCSR for
the B → π form factor calculated earlier in [4,6,22], replacing mb → mc and
adjusting the normalization and Borel scales correspondingly.
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The analogous sum rule for the D → K form factor contains, in compar-
ison to (5), nontrivial SU(3) breaking effects proportional to ms, such as the
asymmetry in the twist-2 kaon DA, calculated recently with an improved
accuracy in [7].

The LCSR for f+
Dπ(q2) and f+

DK(q2) are obtained at finite mc, in theMS
scheme, using recent very accurate estimates m̄c(m̄c) = (1.29 ± 0.03) GeV
[8] from charmonium QCD sum rule [9]. The higher twists in LCSR are
suppressed by the powers of O(ΛQCD/mb) or, at least of O(ΛQCD/τ), where
τ � ΛQCD is an intermediate large scale originating from M2 ∼ τmc. For
the light quark masses we use ms(µ = 2GeV) = (98 ± 16)MeV from QCD
sum rules in O(α4

s) [10] and obtain mu,d from Leutwyler relations in ChPT
[11]. This fixes the normalization parameters µπ = m2

π/(mu + md) and
µK = m2

π/(mu +ms) of the twist-3 DAs. We also use the same pion twist-2
DA ϕ

(2)
π (u) as in [4], where its main parameters were constrained by fitting

the shape of B → π form factor predicted from LCSR to the experimentally
measured q2 distribution in B → πlνl. In ϕ

(2)
K (u) , the asymmetry parameter

a1 is taken from [7] and twist 3,4 pion and kaon DAs are taken from [12].
Importantly, LCSR is the only analytical approach which reproduces

both “soft” and “hard” contributions to the form factor. The soft contribution
naturally dominates, having no αs suppression in the sum rule.

3. Short summary of the results

The D → π,K form factors at q2 = 0 obtained in [3] are compared to the
lattice QCD and previous LCSR results in the following table, demonstrating
a good agreement between the two nonperturbative methods:

Method [Ref.] f+
Dπ(0) f+

DK(0)

Lattice QCD [13] 0.57± 0.06± 0.02 0.66± 0.04± 0.01
[14] 0.64± 0.03± 0.06 0.73± 0.03± 0.07
[15] 0.74± 0.06± 0.04 0.78± 0.05± 0.04

LCSR [16] 0.65± 0.11 0.78+0.2
−0.15

[17] 0.63± 0.11 0.75± 0.12
This work [3] 0.67+0.10

−0.07 0.75+0.11
−0.08

The accuracy of our form factor calculation, estimated at the ∼ ±15%
level, is limited by the truncated twist expansion, uncertainties of quark
masses, scales and pion and kaon DAs.

The region of accessible q2 is restricted: f+
Dπ,K(q2) can only be calculated

at q2 ' 0, as opposed to the LCSR calculation of f+
Bπ(q2) which is valid in

a wider region, at q2 � (mB −mπ)2. To enlarge the region of available mo-
mentum transfers, we combined our calculation at q2 ≤ 0 with the conformal
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mapping parameterization and analytical continuation (see [3] for references
and details). The results are in a good agreement with the measured shapes
of both D → π and D → K form factors.

4. Determination of |Vcd| and |Vcs|

The latest CLEO measurements of semileptonic charm decays [2] yield
the product:

fDπ(0)|Vcd| = 0.150± 0.004± 0.001 . (6)

The CKM matrix element |Vcd| can now be determined using our predictions
for the form factor fDπ(0). For the D-meson decay constant we use the
CLEO result [18] from D leptonic decay (without the additional assumption
|Vcd| = |Vus|):

fD|Vcd| = 46.4± 2.0 MeV . (7)

This input allows to extract |Vcd| with less theory uncertainty than in previ-
ous analyses, where a QCD sum rule prediction for fD was used. The prod-
uct of the above two experimental numbers is then divided by the LCSR
prediction, yielding |Vcd|2, and our final result is:

|Vcd| = 0.225± 0.005± 0.003 +0.016
−0.012 , (8)

where the first, second and third errors correspond to the experimental errors
in (7), (6) and to the uncertainty of LCSR, respectively. Our result is in a
good agreement with the value determined in [2] by using the lattice QCD
value of f+

Dπ(0) from [14]. This agreement is not surprising because the form
factor obtained from LCSR is close to the lattice result (see the table above).

Furthermore, we determine the ratio of |Vcd| to |Vcs|, dividing (6) by

fDK(0)|Vcs| = 0.719± 0.006± 0.005 , (9)

obtained from D → Keνe data fit [2]. Using the ratio fDK(0)/fDπ(0) cal-
culated from LCSR, we obtain:

|Vcd|
|Vcs|

= 0.236± 0.006± 0.003± 0.013 , (10)

where the first and second uncertainties are due to the combined (in quadra-
tures) errors in (6) and (9), respectively, and the third uncertainty stems
from the LCSR calculation. Our determinations (8) and (10) are consistent
with |Vcd| = |Vus| and |Vcs| = |Vud|.
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5. Discussion

The calculation of D → π,K form factors described above ensures more
confidence in the previous LCSR result for the B → π form factor [4]. In the
following table the main outcome of the latter, that is, the determination
of |Vub| from B → πlνl data is presented, together with the previous LCSR
and lattice QCD results.

[Ref.] f+
Bπ(q2) f+

Bπ(q2) |Vub| × 103

calculation input

[19] lattice — 3.38±0.36
[20] lattice — 3.55±0.25±0.50

[22] LCSR — 3.5± 0.4± 0.1

[21] — lattice ⊕ LCSR 3.47± 0.29± 0.03

[4] LCSR — 3.5± 0.4± 0.2± 0.1

[23] — lattice ⊕ LCSR 3.54± 0.24

Furthermore, one can apply LCSR to calculate the spacelike pion e.m. form
factor and γ → π form factor at large Q2. Both form factors are quite
sensitive to the twist-2 pion DA, hence comparison of the calculated and
measured form factors provides a nontrivial check of this DA used in our
heavy-light form factor calculations. As recently discussed in [24], the pion
e.m. form factor from LCSR [25] is in a very good agreement with experimen-
tal data, whereas the γ → π form factor using the LCSR-like method [26],
well reproduces data only at the photon virtuality Q2 < 15 GeV2. At larger
Q2 a common problem for all methods is to explain the very recent BaBar
data [27].

QCD sum rules [9] and LCSR [5] remain reliable “non-lattice” tools for
various heavy-light hadronic matrix elements, although the precision of both
methods has probably already reached the limit. The duality approximation
introduces a systematic uncertainty which can only be diminished by more
input on the excited states in the hadronic sum. Note that OPE for the
correlation functions provides not only sum rules but also useful bounds,
which are independent of the duality ansatz and simply follow from the
positivity of the spectral function. An example is provided by the upper
bounds [28] for the decay constants fD and fDs .

I thank the organizers for an enjoyable and useful workshop and
FLAVIAnet for the travel support. This work is supported by the Deutsche
Forschungsgemeinschaft under the contract No. KH205/1-2.
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