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Hamiltonian light-front quantum field theory constitutes a framework
for deriving invariant masses, correlated parton amplitudes of self-bound
systems and time-dependent scattering amplitudes. By choosing the light-
front gauge and adopting an orthonormal basis function representation, we
obtain a large, sparse, Hamiltonian matrix for mass eigenstates that is solv-
able by adapting ab initio no-core methods of nuclear many-body theory.
In the continuum limit, the infinite matrix limit, we recover full covariance.
There is considerable freedom in the choice of the orthonormal and complete
set of basis functions with key considerations being convenience and con-
vergence properties. We adopt a two-dimensional harmonic oscillator basis
for transverse modes that corresponds with eigensolutions of the soft-wall
anti-de Sitter/quantum chromodynamics (AdS/QCD) model obtained from
light-front holography. We outline our approach and present preliminary
results for non-linear Compton scattering, evaluated non-perturbatively,
where a strong (possibly time-dependent) laser field excites an electron
that emits a photon.
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1. Introduction

Recent intense interest in strong-field dynamics, ranging from (a) the
observed anomalous enhancement of lepton production in ultrarelativistic
nuclear collisions at RHIC [1], (b) a prediction for photon yield depletion
at the LHC [2], and (c) novel proposals for producing supercritical fields
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using next-generation lasers [3, 4], all point to the importance of developing
new methods for solving QED in its non-perturbative domain. Ultimately,
the goal is to address time-dependent strong scattering problems in QCD as
well. An ideal tool for such problems is Hamiltonian light-front formalism
(see, e.g., Ref. [5]), in which the gauge theory is quantized on the light front
and the physical states are expanded in a Fock-space basis. The Hamilto-
nian is represented as an operator acting on these Fock states. Since time is
set along the light front, the ground state of the free theory is also a ground
state of the full interacting theory and the formalism is Lorentz frame in-
dependent. Since we employ a basis rather different from the traditional
plane wave basis, we refer to our method as Basis Light-Front Quantiza-
tion (BLFQ).

2. Outline of BLFQ

We define our light-front coordinates as x± = x0 ± x3, x⊥ = (x1, x2),
where the variable x+ is light-front time and x− is the longitudinal coor-
dinate. We adopt the “null plane” x+ = 0 for our quantization surface.
Here we adopt basis states for each constituent that consist of transverse
2D harmonic oscillator (HO) states combined with discretized longitudinal
plane waves. This basis function approach follows [6–8] and is buttressed by
successful anti-de Sitter-QCD models [9].

The HO states are characterized by a principal quantum number n, or-
bital quantum number m, and HO energy Ω. Working in momentum space,
it is convenient to write the 2D oscillator as a function of the dimensionless
variable ρ = |p⊥|/

√
M0Ω, and M0 has units of mass. The orthonormalized

HO wave functions in polar coordinates (ρ, ϕ) are then given in terms of the
generalized Laguerre polynomials, L|m|n (ρ2), by

Φnm(ρ, ϕ) =

√
2π

M0Ω

√
2n!

(|m|+ n)!
eimϕρ|m|e−ρ

2/2L|m|n

(
ρ2
)

(1)

with eigenvalues En,m = (2n+ |m|+ 1)Ω.
Our longitudinal modes, ψk, are defined for −L ≤ x− ≤ L with periodic

(antiperiodic) boundary conditions for the photon (electron), i.e.,

ψk(x
−) =

1√
2L

ei
π
L
k x− , (2)

where k ∈ {1, 2, 3, . . .} (k ∈ {12 ,
3
2 ,

5
2 , . . .}). We neglect the photon zero

mode. Then the full 3D single-particle basis state is

Ψk,n,m(x−, ρ, ϕ) = ψk(x
−)Φn,m(ρ, ϕ) . (3)
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Following Ref. [5], we introduce the total invariant mass-squared M2 for
the low-lying physical states in terms of a Hamiltonian H times a dimen-
sionless number for the conserved total light-front momentum K through

M2 = P+P− − P⊥P⊥ = KH − P⊥P⊥ , (4)

where the correction for total transverse center of mass kinetic energy de-
pends on the HO scale 1/

√
M0Ω and is easily removed from each solution.

We have solved for the electron’s anomalous magnetic moment (ae) when
confined to an external trap and we have taken the limit where the trap van-
ishes [10]. Here we remove the trap altogether. We adopt a Fock space of
electron and electron–photon configurations consistent with a total angular
momentum projection of 1/2 and total HO quanta (sum over constituents’
2n+ |m|) limited by Nmax. The transverse infrared properties are still reg-
ulated by the finite HO basis and, as demonstrated in Fig. 1, extrapolation
to the infinite basis reproduces the expected Schwinger result.
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Fig. 1. (Color online) Square root of the electron anomalous magnetic moment
(ae), normalized by e2, versus the inverse square root of the HO basis cutoff Nmax

at K = 80.5. Symbols are BLFQ results: squares (circles) for even (odd) Nmax/2,
spanning Nmax = 10 . . . 118. Lines are linear extrapolations based on all points
shown and agree favorably with the Schwinger result

√
1/8π2 = 0.11254 [11].

3. Extension to include time-dependent processes

We have recently extended the BLFQ to include the non-perturbative
time-evolution of light-front systems [12] (tBLFQ). Light-front time evolu-
tion of quantum states |ψ;x+〉 is governed by the Schrödinger equation,

i
∂

∂x+
|ψ;x+〉 = 1

2P
− (x+) |ψ;x+〉 . (5)
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In our QED demonstration case [12], the Hamiltonian P−(x+) contains
two parts; P−QED is the full Hamiltonian of QED, and V (x+) is the time-
dependent interaction term introduced by the background field, so

P−
(
x+
)

= P−QED + V
(
x+
)
. (6)

It is natural to adopt the interaction picture, where states are defined by

|ψ;x+〉I = e
i
2
P−
QEDx

+

|ψ;x+〉 . (7)

These states obey the equation

i
∂

∂x+
|ψ;x+〉I = 1

2VI(x
+)|ψ;x+〉I , (8)

in which VI, “the interaction Hamiltonian in the interaction picture”, is

VI(x
+) = e

i
2
P−
QEDx

+

V (x+)e−
i
2
P−
QEDx

+

. (9)

The formal solution to (8) is

|ψ;x+〉I = T+ exp

− i
2

x+∫
0

VI(x
′+)dx′+

 |ψ; 0〉I . (10)

In tBLFQ, we solve Eq. (10) non-perturbatively. Some approximation
must still be made in order to yield a (numerically) tractable system, but
instead of resorting to perturbation theory, we use a Fock-space truncation
(in the following example, we use the simplest nontrivial truncation, namely
restricting to electron plus electron–photon states, along with Nmax = 8).

We first use BLFQ to solve for a set of QED mass eigenstates sufficient to
include those that will be excited by the laser for its given strength and time
duration; this set includes, for example, states with a range of longitudinal
motions spanning several “K-segments”, since the laser injects longitudinal
momentum into the system. We then shine the laser (taken here as the
classical source eA−(x−) = 2ma0 cos (ωx−) with m = 0.511MeV, a0 = 0.5,
ω = 1.0MeV, chosen so that it makes transitions between states with longi-
tudinal momenta differing by ∆K = 2) on the target (lowest mass eigenstate
in lowest K-segment of longitudinal motion) and time-evolve the states in
the basis of the original mass eigenstates according to Eq. (10). The basis
uses

√
M0Ω = 0.511MeV along with three K-segments with K = 1.5, 3.5,

and 5.5 which allows the system to accelerate without (or with) excitation.
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With the chosen laser field and basis space we present results for the
time evolution of the electron system in Fig. 2. The tBLFQ evolution of the
system is both coherent and non-perturbative — yielding the invariant mass
distribution for electron + photon final states up to the (arbitrary) time the
laser is switched off. Note that by the time at x+ = 14MeV−1, the initial
K = 1.5 ground state has nearly vanished.

This example demonstrates: (a) tBLFQ is able to generate first-principles-
based, non-perturbative results for processes in quantum field theory; and,
(b) the full quantum configuration (wavefunction) of the system is available
for analyzing dynamical processes at any intermediate time.
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Fig. 2. (Color online) Non-perturbative time evolution of the single electron system
in a laser field switched on at x+ = 0 using tBLFQ. From top to bottom, the panels
in each row successively correspond to light-front-time x+ = 4.0, 8.0, 14.0MeV−1.
Each dot represents an eigenstate of P−

QED. The y-axis is the probability of finding
this state, and the x-axis is the state’s invariant mass. The left-hand panels show
the evolution of the three ground states in K = 1.5, 3.5, 5.5 segments respectively
and the right panels (with the y-axis expanded) show details of the excited state
evolutions.
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