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We found a unified formula for description of the household incomes of
all society classes, for instance, for the European Union in years 2005–2010.
The formula is more general than the well known one of Yakovenko et al.
because, it satisfactorily describes not only the household incomes of low-
and medium-income society classes but also the household incomes of the
high-income society class. As a striking result, we found that the high-
income society class almost disappeared in year 2009, in opposite to situa-
tion in remaining years, where this class played a significant role.
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1. Introduction

One of the major trends in econophysics is the study of the redistribu-
tion of wealth and income in society, and the analysis of social inequalities.
A pioneer of this type of research is the Italian economist and sociologist
— V. Pareto [1–3]. He found that the distribution functions of individual
incomes in different countries (within stable economy) could not resemble
the distribution functions obtained if gain and accumulation of income were
random. Pareto also analysed the stability of these distributions. That is,
he found that even if one removes from the society structure the richest or
poorest members of the society, after a certain period of time, the income
distribution function will be again completed in the form almost the same
as the initial distribution function [1, 2, 4]. The main result of Pareto’s
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analysis was the conclusion that distribution functions of income in each
country (with a stable economy) can be described by a universal power-law,
known nowadays as the Pareto law. As a possible origin of this law, Pareto
indicated a self-similarity structure of societies.

The income of societies was also analysed by Gibrat [1, 5–8], Cham-
pernowne [9], and Mandelbrot [2, 3]. Their studies led to the disclosure of
many important properties of income distributions, however, did not give a
satisfactory answer to crucial question concerning the microscopic (microe-
conomic) mechanism determining the empirical complementary distribution
functions.

Several models, trying to explain the microscopic mechanisms (for in-
come dynamics of individuals or households) standing behind the empirical
complementary distribution functions of income, were proposed. These mod-
els consider the income of individual or household as a random variable. To
describe the dynamics of this variable, the nonlinear stochastic Langevin
equation and the corresponding Fokker–Planck equation are used as a nat-
ural foundation. Upon the specific assumptions concerning the dynamics
of income, we can obtain the following models: (i) the Boltzmann–Gibbs
law [1, 10, 11], (ii) the Pareto law [1, 10, 11], (iii) the Rule of Proportionate
Growth [1, 5–8, 10], (iv) the Generalised Lotka–Volterra model [1, 10, 12–15],
and (v) Yakovenko et al. model [10, 11].

However, none of the models developed so far (to the best of our knowl-
edge) gives an analytical description of the annual household incomes of all
society classes (i.e. the low-, medium-, and high-income society classes) by a
single unified formula based on a unified formalism. In the present paper, we
extend and complement the results of our recent model [16, 17] with the low
number of free parameters that well reproduces the empirical complemen-
tary cumulative distribution functions. As the most striking result which we
found is almost total decay of the high-income society class in 2009, while in
all other years in this century the high-income society class is quite robust
against the financial markets turbulence.

2. Data description

We used empirical data from Eurostat’s Survey on Income and Living
Conditions (EU–SILC) [18–24] for years 2005–2010. This database contains
general information on the demographic characteristics of households in the
European Union (EU), their living conditions, income and economic activ-
ity. We chose to our analysis the variable total household gross income.
Eurostat’s EU–SILC data contain only few observations on the households
belonging to high-income society class. This means that they cannot be



Modelling of the European Union Income Distribution by Extended . . . 309

subjected to any statistical description. Therefore, in order to consider
the high-income society class, we additionally analysed the effective income
of billionaires in the EU by using the Forbes “The World’s Billionaires”
rank1,2 [25].

Using EU–SILC database and rank of the richest Europeans, we were
able to consider incomes of three society classes thanks to the procedure
presented in Ref. [17]. Hence, we received the data record sufficiently large
for statistical study of all society classes, including the high-income soci-
ety class. Notably, in our studies we analysed the empirical complementary
cumulative distribution function by using the well known Weibull rank for-
mula [26, 27].

3. Extended Yakovenko et al. model

Let m be an influx of income per unit time to a given household. We
treat m as a variable obeying stochastic dynamics. Then, we can describe
time evolution of probability distribution function of income by using the
Fokker–Planck equation

∂

∂t
P (m, t) =

∂

∂m
[A(m)P (m, t)] +

∂2

∂m2
[B(m)P (m, t)] , (1)

where P (m, t) is the temporal income distribution function. In general,
functions A(m) and B(m) can be additionally determined by the first and
second moments of the income change per unit time, respectively, only if
these moments exist. Subsequently, the stationary solution of Eq. (1), Peq,
takes the form [28]

Pst(m) =
const.

B(m)
exp

− m∫
minit

A(m′)

B(m′)
dm′

 ,
const.

B(m)
> 0 , (2)

where integral should be a non-negative quantity, minit is the lowest house-
hold income, and const. is a normalisation factor. Fortunately, both Itô
and Stratonovitch representations [28] give almost the same stationary dis-
tribution function. Equation (1) and its stationary solution, Eq. (2), define
the formalism of the income change, which remains the same for the whole
society.

1 The term “billionaire” used herein is equivalent (as in the US terminology) to the term
“multimillionaire” used in the European terminology. Since we consider wealth and
income of billionaires in euros, we recalculated US dollars to euros by using the mean
exchange rate at the day of construction of the Forbes “The World’s Billionaires”.

2 The billionaires who gained effective incomes are billionaires whose incomes are
greater than zero.
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By using Eq. (2) we are able to derive such a distribution function which
would cover all three ranges of the empirical data records, i.e. low-, medium-,
and high-income classes of the society (including also two short intermediate
regions between them). To make it, we have to provide function A(m) in a
threshold form [16, 17]

A(m) =

{
A<(m) = A0 + am if m < m1

A≥(m) = A′0 + a′m if m ≥ m1
,

B(m) = B0 + bm2 = b
(
m2

0 +m2
)
, (3)

where parameters used in these relations are defined and considered below.
The form of A(m) and B(m) given by (3) allows the coexistence of addi-

tive and multiplicative stochastic processes. Thus, we assume that household
income consists of two components. First — the deterministic component
of income arises from the fact that household income can take the form
of wages and salaries. Second — indeterministic component may express
profits which go to household mainly through investments and capital gains.

At the threshold m1, there is a jump only of the proportionality coeffi-
cient of the drift term that is, this coefficient abruptly changes from a to a′
(as a 6= a′), while Peq(m) has no discontinuity there.

The threshold parameter m1 is interpreted as a crossover income be-
tween the medium- and high-income society classes and parameter m0 is
the crossover income between the low- and medium-income society classes.

By substituting Eq. (3) into Eq. (2), we get stationary two-branch dis-
tribution function [16, 17]

Pst(m) =

 c′ exp(−(m0/T ) arctan(m/m0))

[1+(m/m0)2](α+1)/2 if m < m1

c′′ exp(−(m0/T1) arctan(m/m0))

[1+(m/m0)2](α1+1)/2 if m ≥ m1

, (4)

where exponents α = 1 + a/b, α1 = 1 + a′/b, and income temperatures
T = B0/A0, T1 = B0/A

′
0. Parameter T , in this case, can be interpreted

as an average income per household for low and medium-income society
classes. Parameter (temperature) T1 concerns the high-income society class
— it is found in the next section, where comparison with empirical data
was made. Apparently, the number of free (effective) parameters driving
the two-branch distribution function, given by Eq. (4), is reduced because
this function depends only on the ratio of some parameters defining the
Fokker–Planck equation given by Eq. (1).
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4. Results

We compared the theoretical complementary cumulative distribution
function based on our probability distribution function Peq(m), given by
Eq. (4), with the empirical data for the whole income range. However, the
analytical form of this theoretical complementary cumulative distribution
function is unknown in the closed explicit form. Therefore, we calculated
it numerically for each value of income m by assuming the best value of T1
that is, by assuming T1 = m1. Although formula (4) is a slowly varying
function of T1, this choice gives a little bit better fit than our previous ones
(shown in Refs. [16, 17]). In those papers we assumed, as a null hypothesis,
that entire society is in equilibrium, i.e. we put then T1 = T . However,
in the present work we found, as the better approximation, that society on
the whole is not in thermal but in partial thermal equilibrium, where the
low- and medium-income society classes from one side as well as the high-
income society class from the other one separately stay in different thermal
equilibriums. This constructs the stationary state of the entire society.

The corresponding plots of the empirical and theoretical complementary
cumulative distribution functions in the log–log scale are plotted in Figs. 1
and 2, for instance, for years 2009 and 2010, respectively. In addition, Table I
provides estimates of the parameters of the Extended Yakovenko et al. model
for years 2005–2010; the errors of parameters are given in Table II.
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Fig. 1. Comparison of the complementary cumulative distribution function, based
on the Extended Yakovenko et al. formula, Eq. (4), (solid line) with the EU house-
hold income empirical data set (dots) for year 2009 (T = 37× 103 ± 3× 103 EUR,
T1 = m1 = 2.9 × 105 ± 0.5 × 105 EUR, m0 = 1.45 × 105 ± 0.20 × 105 EUR,
α = 2.974± 0.001, and α1 = 2.608± 0.006). The first and the second vertical lines
are placed at m0 and m1, respectively [23, 25]. Apparently, herein only low- and
medium-income society classes are present, while high-income society class is, in
practise, absent in this year.
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Fig. 2. Comparison of the complementary cumulative distribution function, based
on the Extended Yakovenko et al. formula, Eq. (4), (solid line) with the EU house-
hold income empirical data set (dots) for year 2010 (T = 38× 103 ± 3× 103 EUR,
T1 = m1 = 4.5 × 105 ± 0.5 × 105 EUR, m0 = 1.35 × 105 ± 0.20 × 105 EUR,
α = 3.153 ± 0.002, and α1 = 0.77 ± 0.01). The first and the second vertical lines
are placed at m0 and m1, respectively [24, 25]. Apparently, all income society
classes are present in this year.

Apparently, the predictions of the Extended Yakovenko et al. formula,
Eq. (4), (solid curve in Figs. 1 and 2) well agree with the empirical cumula-
tive distribution functions of annual total gross income of households in the
European Union (dots in Figs. 1 and 2). Thus, using this formula, we can
describe the income of all three society classes, namely the low-, medium-
and high-income society classes. Such a good agreement with the empirical
data was obtained primarily through the adoption of the following significant
assumptions:

— Extended Yakovenko et al. model allows for the coexistence of additive
and multiplicative processes and differentiates detailed dynamics of
income. It is assumed, in this model, that low- and medium-income
society classes gain or lose income differently than the high-income
society class,

— Extended Yakovenko et al. model satisfies the continuity condition of
the probability distribution function of income. However, it does not
exclude the possibility that some values of parameters can be discon-
tinuous.

It is seen from Table I that income temperature T is only a slowly varying
function of time. The same concerns temperature T1 except year 2009 —
this is the key empirical fact of this work discussed below.
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TABLE I

Parameters obtained from the comparison of the Extended Yakovenko et al. model
with empirical cumulative distribution functions of the annual total gross income
of households in the European Union for years 2005–2010.

Year T m0 α T1 = m1 α1

2005 36 000 155 000 2.907 430 000 0.795
2006 37 000 145 000 2.892 445 000 0.86
2007 37 000 160 000 2.735 480 000 0.79
2008 38 000 120 000 2.965 450 000 0.890
2009 37 000 145 000 2.974 290 000 2.608
2010 38 000 135 000 3.153 450 000 0.77

TABLE II

The errors of the model parameters obtained from the comparison of the Extended
Yakovenko et al. model with empirical cumulative distribution functions of the
annual total gross income of households in the European Union for years 2005–2010.

Year ∆T ∆m0 ∆α ∆T1 = ∆m1 ∆α1

2005 3 000 20 000 0.003 50 000 0.009
2006 3 000 20 000 0.004 50 000 0.01
2007 3 000 20 000 0.004 50 000 0.01
2008 3 000 20 000 0.001 50 000 0.007
2009 3 000 20 000 0.001 50 000 0.006
2010 3 000 20 000 0.002 50 000 0.01

Apparently, parameter m0 (cf. Table I) oscillates around a mean value
143 333 EUR. This parameter can be considered as a crossover income be-
tween low- and medium-income society classes. Similarly, the parameterm1,
which for the years 2005–2008 and 2010 oscillates around mean value 451 000
Euro (except for year 2009), is a crossover income between medium- and
high-income society classes.

Changes in the value of exponent α (cf. Table I) show that for the
time period 2005–2007 this exponent has been declining and beginning from
year 2007 monotonically increases. This means that in years 2005–2007
social stratification within the medium-income society class has increased,
and then in years 2008–2010 — decreased. However, the parameter α1 in
years 2005–2008 and in year 2010, changed slightly. In other words, social
stratification within the high-income society class remained, more or less, at
the same, high level (i.e. having α1 < 1).

For year 2009, we observed that values of parameters T1 = m1 and α1

differ significantly in comparison with remaining years. In this year, there
was a rapid decrease in incomes of the high-income society class, as well as
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the huge decrease in the number of households belonging to this society class.
This situation was due to the economic crisis which began in year 2007, and
its peak was in year 2008 (affecting the income received in the following
year, i.e. 2009). The crisis resulted in a much lower value of crossover
income, m1. This also contributed to a significant reduction in the social
stratification within the high-income society class (in year 2009 there was
a significant increase of parameter α1 up to value 2.608), actually, making
this class the member of medium-income society class. Therefore, it can be
noted that in year 2009 the high-income society class, in principle, does not
exist. However, for the years beyond the year 2009, the shape of empirical
complementary cumulative distribution functions is quite persistent. We
can only notice a change in the number of households belonging to specific
society classes but the income structure of society (as a whole) remains
basically unchanged.

5. Concluding remarks

We suppose that some parameters of Extended Yakovenko et al. formula,
Eq. (4), play a role of indicators of crisis. For instance, the crisis does not
affect low-income society class (parameter T practically does not change),
but leads to the lower social stratification within the medium-income soci-
ety class. It should be noted that in the case of the high-income society
class exponent α1 experiences a rapid increase. Thus, the financial impact
of the crisis on the high-income society class in the European Union was
extremely severe. It seems, that the analysis of incomes of medium- and
high-income society classes may give a complementary signature of whether
the crisis or crash are coming. However, in order to reach some definite,
deeper conclusions (especially on the universality of obtained results) fur-
ther study is required involving, e.g., systematic comparisons with previous
crises and crashes.

We believe that our results will contribute to a better understanding
of the mechanisms of enrichment and impoverishment of households, social
classes and whole societies as well. It is also very likely that we find quite
precise classification of income ranges which determine whether the house-
hold belongs to the low-, medium- or high-income society class. Values of
parameters obtained from comparison of our theoretical model, Eq. (4), with
empirical data can be used to define advanced indicators of social inequal-
ities. In economics to measure social inequality the Gini coefficient is used
[29–31]. We proposed an alternative approach, which besides more sensitive
indicators of social inequalities, offers valuable theoretical explanation on a
level of microscopic dynamics of individual household’s income.
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