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We discuss unquenching of the three-gluon vertex via its Dyson–Schwin-
ger equation. We review the role of Furry’s theorem and present first
results for the quark triangle diagrams using non-perturbatively calculated
dressing functions for the quark propagator and the quark–gluon vertex.
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1. Introduction

The three-gluon vertex was recently intensively investigated in the pure
Yang–Mills theory [1–4]. Its quantitative influence on propagators was stud-
ied, for example, in [3], but also for the quark–gluon vertex it plays an impor-
tant role [5,6]. Consequently, the inclusion of unquenching effects constitutes
a necessary step for future studies relying on the three-gluon vertex. Fur-
thermore, the three-gluon vertex also enters in some beyond rainbow-ladder
truncations of bound state equations, see, for instance, [7].

In the following, we will give a status report on ongoing efforts of in-
cluding quark effects into the three-gluon vertex via its Dyson–Schwinger
equation (DSE). Essential for these efforts is thereby non-perturbative in-
put for the quark propagator and the quark–gluon vertex, which was studied,
for example, in [5, 6, 8–13].
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2. Three-gluon vertex Dyson–Schwinger equation

The full DSE for the three-gluon vertex is depicted in Fig. 1. The dia-
grams with quarks are called the quark triangle and the quark swordfish dia-
grams. To decouple the three-gluon vertex DSE from the equations of higher
n-point functions (except for the four-gluon vertex), the following truncation
is employed: All two-loop diagrams and diagrams with non-primitively di-
vergent vertices are neglected. This truncation contains then all UV leading
diagrams. The truncated equation is shown in Fig. 2. The only remain-
ing higher n-point function is the four-gluon vertex, for which a model is
employed. In the Yang–Mills theory, this truncation scheme turned out to
be very successful [3, 4]. The qualitative appropriateness of the four-gluon
vertex model was also confirmed a posteriori, see [14, 15]. However, within
this scheme, the quark swordfish diagram is dropped, which might yield im-
portant contributions [12,16]. It remains for future investigations to include
this diagram by using an appropriate model for the two-quark–two-gluon
vertex.

Fig. 1. The full DSE for the three-gluon vertex. Quarks enter via the quark triangle
diagrams (7th and 8th diagrams on the right-hand side) and the quark swordfish
diagram (last diagram). Big/small blobs denote dressed/bare vertices. All propaga-
tors are dressed. Wiggly/dashed/continuous lines represent gluons/ghosts/quarks.

Fig. 2. The truncated DSE for the unquenched three-gluon vertex.

The pure Yang–Mills part of the three-gluon vertex DSE was solved
self-consistently and with full momentum dependence in [3, 4] within the
truncation described above. One of the major findings was that the tree-
level structure is dominant and the other three transverse dressing functions
are subleading [4]. Therefore, we will consider only the tree-level structure
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as well. In the following, we will investigate the contributions from the quark
triangles using results for the quark propagator and the quark–gluon vertex
obtained elsewhere.

2.1. Quark propagator and quark–gluon vertex

For the quark–gluon vertex, a 3PI equation is used instead of its DSE.
This avoids the appearance of the unknown quark–gluon four-point func-
tion. The quark–gluon vertex can be decomposed into eight transverse and
four longitudinal basis tensors. For the Landau gauge, we only need the
transverse part and we decompose the vertex as follows, see [5] for details

Γµ(p, q, p · q) =
8∑
i=1

gi(p, q, p · q)ρiµ . (1)

The tensors ρiµ, i = 1, 4, 6, 7, are chirally symmetric and those with i =
2, 3, 5, 8 are chirally anti-symmetric.

The 3PI equation for the vertex is solved together with the quark prop-
agator DSE in the chiral limit. A gluon propagator based on [17,18] is used
as an input. Results for the quark propagator, characterized by the quark
wave function renormalization Zf (p2) and the quark mass function M(p2),
are shown in Fig. 3 and selected results for the vertex in Fig. 4. Note that
two of the largest dressing functions are g2 and g3, which are only allowed
due to the breaking of the chiral symmetry.

Fig. 3. The quark wave function renormalization Zf (p
2) and the quark mass func-

tion M(p2) of the quark propagator.
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Fig. 4. The dressing functions of the quark–gluon vertex at the symmetric point
corresponding to the eight transverse tensor structures. The left plot shows the
results for the chirally symmetric and the right plot for the chirally anti-symmetric
structures.

2.2. The quark triangles

There are two quark triangle diagrams with opposite direction of mo-
mentum flow of the quarks, see Fig. 2. This can be interpreted as quarks
going round in one diagram and anti-quarks in the other. In QED, similar
diagrams exist for the three-photon vertex. However, according to Furry’s
theorem, these two diagrams cancel each other. The argument can be gen-
eralized to any diagram with a closed fermion loop. The general result is
that there is no photon vertex with an odd number of legs. The case of QED
must be adapted to the non-Abelian character of QCD, viz., color has to be
taken into account. The color part can be factorized and reads TrT aT bT c

for one diagram, TrT aT cT b for the other, where T a are the generators of
SU(3). The color trace yields

TrT aT bT c = 1
4

(
dabc + i fabc

)
. (2)

In QED, the two diagrams cancel, because they are exactly the same except
for the signs. For QCD, however, the effect of the opposite signs is different,
since the color parts of the two diagrams have a symmetric and an anti-
symmetric part. The symmetric parts then cancel, as in QED, while the
anti-symmetric parts add up. We thus need to calculate only one diagram,
multiply it by a factor of 2 and take only the anti-symmetric color part. The
fact that dabc drops is also in agreement with [19] where it was shown that
the three-gluon vertex must be proportional to fabc. Hence, we will consider
only one quark triangle in the following.

The quark triangle diagram is a static diagram in the sense that it does
not depend on the three-gluon vertex. Thus it needs to be calculated only
once and its contribution can be added to the Yang–Mills part during the it-
eration process. This is advantageous, as there are 64 different combinations
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of dressing functions for the quark triangle diagram from the two dressed
quark–gluon vertices with 8 dressings each. As an example, we show the
contribution calculated from the dressing g1, corresponding to the trans-
versely projected tree-level tensor, in Fig. 5. This particular contribution
turns out to be rather small when compared to the full three-gluon vertex
of pure Yang–Mills theory, see also Fig. 5. Nevertheless, it can have quite
some impact on the three-gluon vertex due to its zero crossing: Even a small
change can move the zero crossing. Whether this is indeed the case will be
investigated in future calculations. In particular, the contributions from the
other quark–gluon vertex dressing functions must be included to arrive at a
final conclusion.

Fig. 5. Left: Three-gluon vertex result for the Yang–Mills part from [3]. Right:
The quark triangle diagram when only the tree-level dressing of the quark–gluon
vertex, g1, is considered.

3. Conclusions and outlook

The three-gluon vertex plays an essential role for future DSE calculations
in full QCD. Consequently, the inclusion of quark effects is an important
extension of the existing pure Yang–Mills calculations. We have set up a
straightforward scheme that will allow unquenching of the vertex via its
DSE. Essential input is thereby provided by non-perturbative results from
the matter part of QCD. However, back-coupling effects of the three-gluon
vertex onto the matter part are not included in this scheme.
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