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We present the latest results on the leading order of the anisotropic
hydrodynamic expansion. Anisotropic hydrodynamics has already been
shown to be consistent with the second order viscous hydrodynamics in
the one-dimensional (Bjorken flow), two-dimensional (radial expansion),
and the general (3+1)-dimensional case. It provides a striking agreement
with the exact solutions of the Boltzmann equation already at the leading
order. In particular, the latest prescription improves both qualitatively
and quantitatively the reproduction of the anisotropy and bulk viscosity
evolution, providing the best approximation of the exact solution without
relying on a next-to-leading order treatment.
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1. Introduction

Relativistic hydrodynamics is an important tool for the description of
collective behavior in relativistic heavy-ion collisions, see, for instance, Refs.
[1–6]. Nowadays, viscous hydrodynamics is preferred to the perfect fluid dy-
namics used in early calculations. Viscous corrections, apart from providing
a better description of the data, are expected to never vanish because of
general arguments. The latter stems both from quantum mechanical con-
siderations [7] as well as from the AdS/CFT correspondence [8]. Despite its
obvious success, there are still fundamental issues with the ordinary hydro-
dynamic expansion. In the second order viscous hydrodynamics, momentum
anisotropies and pressure corrections are treated like small perturbations,
however, in heavy-ion collision conditions, they are often very large.

A new approach called anisotropic hydrodynamics (aHydro) [9–13] avoids
this fundamental issue by treating the large momentum anisotropies, and
hence, large pressure corrections, in a non-perturbative way. Since the equa-
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tions are consistent with the second order viscous hydrodynamics, it is pos-
sible to check if the close to equilibrium behavior is consistent with other
models. For instance, see Ref. [14] for the inclusion of a non-ideal equation
of state within the anisotropic hydrodynamics framework.

2. The anisotropic hydrodynamic expansion

The working hypothesis of the standard hydrodynamic expansion is that
the particle distribution function f(x, p) is very close to local equilibrium.
If we ignore conserved charges and consider the Boltzmann limit, the local
equilibrium distribution reads

f(x, p) = feq(x, p) + δf(x, p) , feq(x, p) = k exp

[
−p · U(x)

T (x)

]
, (1)

with T and Uµ being the effective temperature and the fluid four velocity,
respectively. The leading order in expansion (1), feq represents the perfect
fluid, while the viscous correction depends only on δf . The large gradients
we expect in the case of (almost) boost invariant flow will produce large pres-
sure corrections, in opposition to the starting hypothesis of the traditional
hydrodynamic expansion. The main feature of anisotropic hydrodynamics is
to treat the large momentum anisotropy in a non-perturbative way starting
from the leading order

f(x, p) = faniso(x, p) + δf̃(x, p) . (2)

The deviation δf̃ from the (non-isotropic and dissipative) background faniso
can be thus expected to be small enough to justify a perturbative treat-
ment. The first formulation of aHydro used the point-dependent version
of the Romatschke–Strickland form (presented in [15]) for the leading or-
der of the expansion, and it has a very good agreement with the exact
solution of the Boltzmann equation (see Ref. [16]). In order to take into
account non-trivial transverse dynamics already at the leading order, in
Ref. [17], we extended the formalism of anisotropic hydrodynamics to the
(1+1)-dimensional case. The new set of equations reproduces the results of
the Boltzmann equation better than the original prescription [18]. The next
step is to extend the leading order to the most general (3+1)-dimensional
expansion [19], unfortunately, this further generalization does not improve
significantly the agreement between aHydro and kinetic theory [20]. How-
ever, in Ref. [21], we introduced a better set of dynamical equation for the
anisotropic hydrodynamic expansion around the generalized Romatschke–
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Strickland form1

faniso(x, p) = k exp

[
− 1

λ

√
pµ

(
UµUν + φ gµν + ξµν

)
pν

]
. (3)

Instead of using the moments of the Boltzmann equations, the evolution of
ξµν and φ is extracted from the exact evolution of the pressure corrections.
As shown in Fig. 1, the new prescription (anisotropic matching) removes
the unphysical kink for initial stages of the bulk evolution, and at the same
time, improves even further the description of anisotropy.

��� � � ��
���

���

���

���

���

���

τ [��/�]


�
/

�

ξ�=� � �=��� ���

��� � � ��

-����

����

����

����

����

����

����

τ [��/�]

τΠ
[�
�

-
�
]

ξ�=� � �=��� ���

��� � � ��

���

���

���

���

���

τ [��/�]


�
/

�

ξ�=��� � �=��� ���

Exact Solution

Anisotropic Matching

vHydro

aHydro

��� � � ��

���

���

���

���

���

τ [��/�]

τΠ
[�
�

-
�
]

ξ�=��� � �=��� ���

Fig. 1. Time evolution of the pressure anisotropy PL/PT (left) and the bulk cor-
rections times the proper time τΠ (right), presented in Ref. [21].

3. Conclusions

Anisotropic hydrodynamics is a reorganization of the hydrodynamic ex-
pansion around a non-isotropic background. The leading order already
provides large longitudinal pressure corrections, justifying the perturbative
treatment of the next-to-leading order in heavy-ion collisions.

1 The anisotropy tensor ξµν is space-like and traceless, it is responsible for the
anisotropy and it is the higher dimensional version of the anisotropy parameter. The
scalar φ is taking into account the bulk dynamics, and λ and U are still, respectively,
the momentum scale and the four-velocity.
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The latest prescription provides the best agreement with the exact solu-
tion of the Boltzmann equation, compared to the previous most successful
leading order prescription of aHydro and to the most successful prescription
for the second order viscous hydrodynamics. All of that without simplifying
symmetry assumptions or a next to leading treatment.

This work has been supported by the Polish National Science Center
grant No. DEC-2012/06/A/ST2/00390.
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