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In recent years, there has been a breakthrough in lattice calculations of
x-dependent partonic distributions. This encompasses also distributions
describing the 3D structure of the nucleon, such as generalized parton
distributions (GPDs). We report on a new method of accessing GPDs
in asymmetric frames of reference, relying on a novel Lorentz-covariant
parametrization of the accessed off-forward matrix elements in boosted nu-
cleon states. The approach offers the possibility of computationally more
efficient determination of the full parameter dependence of GPDs and as
such, it can contribute to better understanding of nucleon’s structure.
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1. Introduction

One of the main aims of hadronic physics for the next years is to better
understand the internal structure of the nucleon. This concerns, in partic-
ular, its three-dimensional structure — namely, how the quarks and gluons
inside of the nucleon move and how they are distributed in the plane trans-
verse to the nucleon’s direction of motion. Understanding these details will
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help us, for example, to answer fundamental questions about the origin of
the nucleon’s mass and spin. The prospects for answering these questions
are very robust in light of the currently ongoing experiments, such as the
12 GeV program at the Jefferson Lab [1] and, particularly, the Electron–Ion
Collider under construction at BNL [2]. However, true progress will require
also various theoretical contributions. One of them will be the determination
of different partonic distributions from first principles, using lattice quantum
chromodynamics (lattice QCD).

The three-dimensional structure is described by generalized parton dis-
tributions (GPDs) and transverse-momentum-dependent parton distribution
functions (TMDs), the generalizations of PDFs to non-forward kinematics
and unintegrated transverse momenta, respectively. Some of these functions
boil down to PDFs in a certain limit, but they contain much more informa-
tion about the nucleon’s structure. In this contribution, we concentrate on
GPDs, for which significant progress has been achieved recently.

There is no direct access to any partonic distributions on the lattice,
since the underlying theory, QCD, is discretized in Euclidean spacetime.
However, the situation is largely analogous to accessing such distributions
from experiment — there are no direct experimental measurements either.
Instead, observables can be factorized into partonic functions and perturba-
tive parts. In the same spirit, one can devise lattice observables factorizable
into PDFs/GPDs/TMDs via a perturbative “matching” kernel. Early at-
tempts to do so date back to around 20 years ago, but a real breakthrough
was the arrival of the seminal proposal of Ji in 2013 [3, 4]. There, analogues
of partonic functions were formulated, with Minkowski-space light-front cor-
relations replaced by lattice-calculable (Euclidean-space) spatial ones for a
boosted hadron. This defines the so-called quasi-distributions, which ap-
proach their light-cone counterparts for infinite hadron momentum. How-
ever, clearly, actual simulations can only utilize finite hadron momenta. But
the finite-boost quasi-distributions can be perturbatively related to partonic
ones due to their difference being only in the ultraviolet regime.

The progress in lattice calculations of partonic distributions has been
impressive in the last decade and for its account, we refer to several existing
reviews [5–9]. Most of the works described there concern PDFs, which have
been the natural starting points for lattice evaluations with modern meth-
ods. The applications to GPDs, in turn, have been comparatively limited,
see e.g. Refs. [10–26]. The relatively less advanced status of lattice GPD cal-
culations naturally reflects that they are more difficult objects to determine
than PDFs. To a large extent, this is due to the fact that GPDs depend on
more variables than just the parton momentum fraction x, i.e. the total mo-
mentum transfer t and the longitudinal momentum transfer (skewness, ξ).
Until recently, a major hindrance in lattice calculations of GPDs has been



Generalized Parton Distributions from Lattice QCD 7-A6.3

the necessity of using the symmetric frame of reference, in which the mo-
mentum transfer is symmetrically distributed between the initial and final
state. Consequently, the all-to-all propagator required for the determination
of the appropriate matrix elements had to be separately computed for each
value of t. Last year, we considered for the first time asymmetric frames of
reference for the computation of GPDs. In such a setup, where the whole
momentum transfer is ascribed to the source state, one can access several
values of t from a single calculation with a fixed sink state of zero transverse
momentum. Below, we summarize the method and our procedure, and we
show our proof-of-concept calculation that demonstrates the feasibility and
correctness of the approach.

2. GPDs in different frames of reference

Quasi-GPDs are defined from the matrix elements (MEs) of a nonlocal
operator, ⟨N(Pf)|ψ̄ (z)ΓW (0, z)ψ (0) |N(Pi)⟩, where Γ is the Dirac structure
appropriate for the targeted type of GPDs, |N(Pi/f)⟩ is the initial/final state
boosted to momentum Pi/f , and W (0, z) is a Wilson line of length z, taken
in the z-direction. We also define the momentum transfer 4-vector, ∆ =
Pf − Pi. These MEs, that we denote FΓ (z, P,∆), can be obtained from a
suitable ratio of two-point and three-point correlation functions. According
to Ref. [27], to which we refer for more details, the MEs for the vector case
(Γ = γµ, µ = 0, 1, 2, 3) can be parametrized in terms of eight linearly-
independent Lorentz structures

Fµ
Γ (z, P,∆) = ū

(
Pf , λ

′) [Pµ

m
A1 +mzµA2 +

∆µ

m
A3 + imσµzA4 +

iσµ∆

m
A5

+
Pµiσz∆

m
A6 +mzµiσz∆A7 +

∆µiσz∆

m
A8

]
u(Pi, λ) , (1)

where Ai are Lorentz-invariant amplitudes.
We consider here the zero-skewness case (ξ = 0), i.e. ∆⃗ = (∆1, ∆2, 0).

The standard symmetric (Breit) frame has P⃗ s
i = P⃗ − ∆⃗/2, P⃗ s

f = P⃗ +

∆⃗/2, and the asymmetric one P⃗ a
i = P⃗ − ∆⃗, P⃗ a

f = P⃗ . All frame-dependent
expression will be written with an upper index s/a (symmetric/asymmetric).

We denote the parity-projected Euclidean MEs by Πµ(Γκ) (where Γ0 =
(1+γ0)/4 (unpolarized projector), Γk = (1+γ0)iγ5γk/4 (polarized projector,
k = 1, 2, 3)) and below, we give example expressions for the γ0 insertion and
the unpolarized projector
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Πs
0(Γ0) = C

(
E
(
E(E +m)− P 2

3

)
2m3

A1 +
(E +m)

(
−E2 +m2 + P 2

3

)
m3

A5

+
EP3

(
−E2 +m2 + P 2

3

)
z

m3
A6

)
, (2)

Πa
0 (Γ0) = C

(
− E+(E− − 2m)(Ef +m)

8m3
A1 −

E−(E− − 2m)(Ef +m)

4m3
A3

−E
−P3z

4m
A4 +

E+E−(Ef +m)

4m3
A5 +

E+E−EfP3z

4m3
A6

+
(E−)2EfP3z

2m3
A8

)
, (3)

where C = 2m2/
√
EfEi(Ef +m)(Ei +m), Ei/f =

√
P⃗ 2
i/f +m2, E ≡ Ef =

Ei (symmetric frame), E± = Ef ± Ei (asymmetric frame), and m is the
nucleon mass. These explicit expressions show that the MEs are frame-
dependent and, in general, more complicated in the asymmetric frame. In
the above example, the MEs in both frames receive contributions from the
amplitudes A1, A5, A6, but the kinematics of the asymmetric frame also in-
duces contributions from A3, A4, A8 and modifies the kinematic coefficients
of A1, A5, A6. We emphasize that while MEs depend on the chosen kinemat-
ics, the amplitudes are Lorentz-invariant and below, we demonstrate this for
our results.

Once the amplitudes are extracted from either frame, they can be used to
calculate the H and E (coordinate-space) GPDs. The standard definition of
these functions, employing only the γ0 insertion in the three-point correlator,
leads to frame-dependent expressions for the GPDs

Hs(Ai) = A1 +
∆2

⊥z

2P3
A6 , (4)

Es(Ai) = −A1 + 2A5 +

(
4E2 −∆2

⊥
)
z

2P3
A6 , (5)

Ha(Ai) = A1 +
2E−

E+
A3 +

E−m2z

E+P3
A4 +

(
∆2

⊥ − (E−)2
)
z

2P3
A6

+
E− (∆2

⊥ − (E−)2
)
z

E+P3
A8 , (6)
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Ea(Ai) = −A1 −
2E−

E+
A3 −

2m2Efz

E+P3
A4 + 2A5

+

(
4E2

f − E+E− −∆2
⊥
)
z

2P3
A6 +

zE− (4E2
f − E+E− −∆2

⊥
)
z

E+P3
A8 , (7)

where ∆2
⊥ = ∆2

1 +∆2
2. However, one can also introduce another definition

for the quasi-GPDs that is made Lorentz-invariant (see Ref. [27] for more
details). We will denote it with H/E without a frame index

H(Ai) = A1 , (8)
E(Ai) = −A1 + 2A5 + 2zP3A6 . (9)

In these expressions, there are no contributions from A3, A4, A8, and the con-
tribution from A6 is either removed (H-function) or reduced (E-function).
In terms of operator insertions, they correspond to adding contributions
from the γ1 and γ2 Dirac structures, i.e. one formally defines a new oper-
ator with additional contributions. However, we emphasize that this new
operator for evaluating quasi-GPDs leads to the same light-cone limit, with
modified convergence properties, including a possibly faster convergence to
light-cone GPDs. Below, we show a first test of these convergence properties
for both H and E.

3. Procedure to extract x-dependent light-cone GPDs

We outline here the full procedure to get from lattice-calculated observ-
ables to light-cone GPDs.

3.1. Computation of bare MEs

The first step is to calculate bare MEs of the relevant operators using
the chosen frame of reference. This is the most costly part of the proce-
dure and it involves separate computations for every sink momentum. As
discussed above, this boils down to independent calculations for each t in
the symmetric frame, where the sink momentum depends explicitly on ∆⃗.
In the asymmetric frame, in turn, one can work with a fixed sink momen-
tum (0, 0, P3) and obtain MEs for different t within a single calculation.
This constitutes the main advantage of the asymmetric frame. For the stan-
dard definition of GPDs, one only needs the MEs of the γ0 operator, i.e.
Π0(Γ0,1,2). To utilize the Lorentz-invariant definition, additional MEs are
computed with the γ1, γ2 insertions.
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3.2. Extraction of the amplitudes and calculation of H/E
in coordinate space

Given the lattice-evaluated MEs, the amplitudes Ai can be extracted by
solving the linear system of equations that relate Πµ(Γκ) to Ais. The quasi-
H/E functions can be expressed in terms of these amplitudes (or directly in
terms of MEs, i.e. the amplitudes do not need to be explicitly known).

3.3. Non-perturbative renormalization of H/E
The outcome of the previous step are bare quasi-H/E functions in co-

ordinate space that contain standard logarithmic and Wilson-line-induced
power divergences. For this work, we choose to renormalize them with a
variant of the regularization-independent momentum subtraction scheme
(RI/MOM) [28, 29]. We note that alternative renormalization procedures
are being investigated, such as the hybrid scheme [30].

3.4. Reconstruction of x-dependence
The renormalized coordinate-space quasi-GPDs are then brought into

momentum (Bjorken-x) space. This is a non-trivial and currently ambiguous
step, given that one attempts to reconstruct a continuous distribution from
a finite set of lattice evaluations, additionally truncated at some finite value
of the Wilson line length. Mathematically, this poses an ill-defined inverse
problem [31]. In this work, we apply the Backus–Gilbert method [32] as
implemented in Ref. [33]. The inverse problem is tackled by an additional
model-independent assumption that selects the one distribution that has the
minimal variance with respect to the statistical variation of the input data.
Clearly, this provides a formal solution to the inverse problem in the sense of
reducing the number of x-space distributions corresponding to the discrete
data from infinity to one, but a true solution for the future is to provide
the actual data that is missing. While it is not possible to get continuous
data from the lattice, significantly denser data will milden the problem to a
sufficient extent.

3.5. Matching to light-cone GPDs
The final step is to translate the x-dependent quasi-GPD from Euclidean

to Minkowski spacetime, yielding a corresponding light-cone GPD. The fac-
torization formula that relates the quasi-GPD to the light-cone GPD via a
perturbative matching kernel is valid up to power-suppressed corrections in
1/P 2

3 . Thus, the momentum P3 has to be as large as possible. In practice,
the access to large values of P3 ≳ 2–3 GeV is impossible due to the statistical
signal exponentially decaying with increasing boost. We use the matching
formulae derived in Ref. [13] that connect the RI/MOM-renormalized quasi-
GPD to the light-cone GPD in the MS scheme and we evaluate the GPDs
at the scale of 2 GeV.
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4. Results

All the results in this section were obtained from a single lattice ensemble
in a setup characterized by:

— Nf = 2 + 1 + 1 twisted-clover quarks with the Iwasaki gluons [34],
— lattice spacing of a ≈ 0.093 fm,
— 323 × 64 lattice (physical extent L ≈ 3 fm),
— non-physical pion mass mπ ≈ 260 MeV,
— source-sink separation in the three-point functions of ts = 10a,
— nucleon momentum in the z-direction: P3 = 0.83, 1.25, 1.67 GeV,
— momentum transfers varying from −t = 0.17 to 2.24 GeV2.

We start by showing an example of bare MEs for the γ0 insertion and
the unpolarized projector, see Fig. 1. The data are obtained in 8 kinematic
setups, corresponding to 4 different permutations of ∆⃗ and 2 directions of P3.
As shown in Eqs. (2) and (3), the MEs in different frames are not equivalent,
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Fig. 1. (Color online) Real (top) and imaginary (bottom) part of MEs Π0(Γ0) in
the symmetric (left) and asymmetric (right) frame. The nucleon boost is |P3| =
1.25 GeV and the momentum transfer is −t = 0.69 GeV2 (symmetric) or −t =

0.64 GeV2 (asymmetric). Different colors correspond to different permutations of
∆⃗, i.e. (2, 0, 0), (−2, 0, 0), (0, 2, 0), and (0,−2, 0) (in units of 2π/L) at P3 = |P3|
(bluish) or P3 = −|P3| (reddish).



7-A6.8 K. Cichy et al.

containing contributions from different amplitudes. Moreover, the data in
the symmetric frame have definite symmetries upon P3z → −P3z, while in
the asymmetric frame, these symmetry properties are lost.

In Fig. 2, we show an analogous plot for the amplitude A1, as extracted
from both frames. At this level, the definite symmetry properties are recov-
ered and the comparison between Ais extracted from both frames becomes
meaningful, as the amplitudes are Lorentz-invariant.
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Fig. 2. (Color online) Real (top) and imaginary (bottom) part of the amplitude A1

extracted in the symmetric (left) and asymmetric (right) frame. The parameters
and color conventions in the plot are the same as in Fig. 1; additionally shown are
amplitudes averaged over the 8 kinematic setups, denoted with black points.

A systematic comparison of all amplitudes is shown in Fig. 3. According
to theoretical expectations, the amplitudes are consistent upon extraction
from both frames. Note that, strictly speaking, the data from the sym-
metric and asymmetric frames correspond to slightly different values of the
momentum transfer (−t = 0.69 GeV2 vs. −t = 0.64 GeV2), due to the
non-zero temporal component of ∆µ in the asymmetric frame (Ei ̸= Ef).
However, within our statistical precision, these differences are not visible.

In Fig. 4, we compare the H and E coordinate-space quasi-GPDs ob-
tained according to the frame-dependent definitions (4)–(7). As expected,
the results from different frames do not need to agree at finite P3 and the
difference is clearly visible in the real part of both functions, while the effects
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Fig. 3. (Color online) Real (top) and imaginary (bottom) part of the amplitudes
Ai compared between the asymmetric (darker colors) and symmetric frame (lighter
colors). The left part shows the amplitudes with the largest values, A1 and A5,
and the right part, the remaining ones, A2, A3, A4, A6, A7, A8, all averaged over
the 8 kinematic setups. The nucleon boost is |P3| = 1.25 GeV and the momentum
transfer is −t = 0.69 GeV2 (symmetric) or −t = 0.64 GeV2 (asymmetric).

in the imaginary part are smaller than our statistical precision. Performing
such a comparison for the Lorentz-invariant definitions (8)–(9), see Fig. 5,
the expected agreement between the frames is observed.

All the above results confirm numerically the validity of the method
of Lorentz-invariant amplitudes and this proof-of-concept analysis can be
viewed as a prelude to actual applications for extracting GPDs in a wide
kinematic range. In the remainder of this section, we show preliminary
results for two follow-up aspects.

The first one corresponds to the original motivation for making the GPD
calculations more efficient in terms of computer time, by accessing several
values of the momentum transfer in a single determination. In Fig. 6, we
show the t-dependence of theH and E light-cone GPDs in momentum space,
i.e. after applying all 5 steps of the full procedure outlined in Section 3 (so
far, we concentrated on steps 1 and 2, leading to coordinate-space quasi-
GPDs). We emphasize that all curves in Fig. 6 were obtained with a single
sink momentum of P⃗ = (0, 0, 3)(2π/L) in the asymmetric frame. In the
plot for the GPD H, we also include its forward limit, i.e. the unpolarized
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Fig. 4. Comparison of real (top) and imaginary (bottom) parts of the H (left)
and E (right) quasi-GPDs in coordinate space. The standard definition of H/E
is used. The nucleon boost is |P3| = 1.25 GeV and the momentum transfer is
−t = 0.69 GeV2 (symmetric) or −t = 0.64 GeV2 (asymmetric).

PDF. In the positive-x region (quarks), we note that both GPDs are quickly
suppressed with an increasing −t value for small-to-intermediate x. The
GPD E decays overall more quickly to zero with increasing x, with its values
vanishing around x ≈ 0.5 regardless of −t, whereas the GPD H (including
the PDF) vanishes only around x ≈ 0.7. The negative-x part (antiquarks
at positive x) shows little dependence on the H function, apart from a
significantly different result in the forward limit. The latter is attributed to a
large systematic effect, also observed in our earlier PDF analyses [35–37] and
attributed to a large extent to discretization effects. Overall, the negative-x
region should be treated with caution and requires further analyses to better
understand the systematic effects. Hence, we also treat the x < 0 results
for the GPD E with caution — the present results seem to suggest a clearly
non-zero value of E at small negative x and small momentum transfers, the
robustness of this result needs to be confirmed. The t-dependence that we
obtain, upon Fourier transform, will be translated to the spatial tomography
of quarks in the transverse plane.

Another aspect under scrutiny in the present work was the question
about the convergence of the standard and Lorentz-invariant definitions
of H and E. This was investigated by comparing results from three nu-
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Fig. 5. Comparison of real (top) and imaginary (bottom) parts of the H (left)
and E (right) quasi-GPDs in coordinate space. The Lorentz-invariant definition of
H/E is used. The nucleon boost is |P3| = 1.25 GeV and the momentum transfer
is −t = 0.69 GeV2 (symmetric) or −t = 0.64 GeV2 (asymmetric).

cleon boosts, P3 = 0.83, 1.25, 1.67 GeV, in the symmetric frame at −t =
0.69 GeV2. In the left panel of Fig. 7, this comparison is shown for the H
function, top/bottom panel for the standard/Lorentz-invariant definition.
We observe a very similar picture for both definitions, i.e. practically equiv-
alent convergence properties. Note, however, that the two lowest boosts are
in perfect agreement with each other, while the largest boost leads to differ-
ent values in the range of 0.2 ≲ x ≲ 0.5. This is an indication of a possible
problem with convergence towards the light cone and warrants additional
analyses at increased nucleon boosts. The situation is qualitatively different
in the GPD E (right panel of Fig. 7).

In this case, the reduced contribution from the amplitude A6 (compare
Eqs. (5) and (9)) has a significant impact on the final GPD, with the one
utilizing the Lorentz-invariant definition evincing perfect agreement among
all boosts, contrary to the standard definition that leads to different results
at the analyzed P3 values. Moreover, there is significant impact of the
used definition on the statistical quality of the signal. This is attributed
to the addition of the ME Π1/2(Γ3) that cancels large part of the correlated
noise in Π0(Γ1/2). In the end, better convergence of the Lorentz-invariant
definition is confirmed for theE function, with little influence on the GPDH.
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Fig. 6. Light-cone GPDs H (top) and E (bottom) for different momentum trans-
fers −t. Data for the asymmetric frame at the nucleon boost |P3| = 1.25 GeV and
the Lorentz-invariant definition. For the H function, we also show the correspond-
ing PDF (−t = 0).
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Fig. 7. Light-cone GPDs H (left) and E (right) from the standard definition (top)
and the Lorentz-invariant definition (bottom). Data for the symmetric frame at
three-nucleon boosts |P3| = 0.83, 1.25, 1.67 GeV.

We emphasize that convergence properties of various definitions cannot be
predicted a priori — the removal/reduction of contribution from certain
amplitudes leads to a modification of higher-twist effects that may reduce
these effects in the largest-value amplitudes (A1, A5 in the vector case), but
may also be of no importance or even enhance them.
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5. Summary and prospects

In these proceedings, we reported a new method of accessing GPDs from
lattice QCD simulations. It relies on the quasi-distribution method of Ji, but
a novel aspect is to perform calculations in asymmetric frames of reference.
This offers a major advantage of obtaining several values of momentum
transfer from a single calculation, by attributing the momentum transfer
entirely to the source nucleon state. We showed a proof-of-concept analysis
with numerical evidence that the approach works according to expectations.
A byproduct of the method is the realization that alternative definitions of
physical GPDs can be employed, differing in convergence properties to the
light cone and as such, may converge better.

The directions for further analyses for unpolarized GPDs are multiple
and include calculations for several momentum transfers and values of skew-
ness, at different values of the nucleon boost, as well as investigation of other
approaches to renormalization and matching (e.g. the hybrid scheme) and
to the reconstruction of the x-dependence (e.g. with machine learning). Ob-
viously, an important direction is also to analyze and quantify all systematic
effects at various stages of the multi-step procedure of extracting physical
GPDs. The data can also be used to extract moments of GPDs based on
an operator product expansion and as input to the pseudo-distribution ap-
proach of Radyushkin [16]. Moreover, the approach can be generalized to
helicity and transversity GPDs (see Refs. [19, 20] for our results in the sym-
metric frame), as well as to twist-3 GPDs [22].

Overall, our approach offers new possibilities for mapping out the whole
kinematic dependence of GPDs and obtaining precise tomographic pictures
of hadrons. As such, it can play an important complementary role to exper-
imental, phenomenological and other theoretical analyses, and contribute to
the quest of achieving profound understanding of the fundamental properties
of the nucleon and other hadrons.
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