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In this review article, we first discuss a possible regularization of the Big
Bang curvature singularity of the standard Friedmann cosmology, where the
curvature singularity is replaced by a spacetime defect. We then consider
the hypothesis that a new physics phase gave rise to this particular space-
time defect. Specifically, we set out on an explorative calculation using the
IIB matrix model, which has been proposed as a particular formulation of
nonperturbative superstring theory (M-theory).
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1. Introduction

As regards the topic of this conference, we submit that the future of
particle physics may very well involve the future of gravitation and cosmol-
ogy. The title of the present contribution is in that spirit, as “M-theory”
concerns a possible future theory merging elementary particle physics and
gravitational physics, while “the birth of the Universe” impacts on all topics
of cosmology.

This review article presents one particular approach to the question of
how the Universe got started. First, we discuss a possible regularization
of the Big Bang curvature singularity, while staying within the realm of
general relativity but allowing for degenerate spacetime metrics (having, for
example, a vanishing determinant of the metric at certain spacetime points).
This regularization replaces, in fact, the Big Bang curvature singularity by
a three-dimensional spacetime defect with a locally vanishing determinant
of the metric.
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Next, we investigate the hypothesis that a new physics phase produced
this spacetime defect. In order to allow for explicit calculations, we turn to
the IIB matrix model, which has been suggested as a formulation of non-
perturbative type-IIB superstring theory (M-theory). The crucial question,
now, is how a classical spacetime might emerge from the IIB matrix model.
The answer appears to be that such an emerging classical spacetime may
reside in the large-N master field of the IIB matrix model. This master field
can, in principle, give the regularized-big-bang metric of general relativity.
A word of caution is, however, called for: as the formulation and validity of
M-theory have not yet been established, the present review paper provides
no definitive answers but only a few suggestive results.

The outline is as follows. In Section 2, we recall the main points of
the standard Friedmann cosmology and its Big Bang curvature singularity,
primarily to establish our notation. In Section 3, we present a particular
regularization of the Friedmann Big Bang singularity and highlight a few
subtle points (e.g., differential structure and singularity theorems). In Sec-
tion 4, we turn to the main topic, namely the hypothetical existence of a
new physics phase giving rise to a classical spacetime and possibly to a reg-
ularized (tamed) Big Bang. Here, we rely on a particular matrix model
realization of M-theory, specifically the IIB matrix model. Our focus is on
the basic ideas and technical details are relegated to four appendices. In Sec-
tion 5, we give a brief summary and point out what the main outstanding
task appears to be.

2. Standard Friedmann cosmology

2.1. Robertson–Walker metric and Friedmann equations

The Einstein gravitational field equation of general relativity reads [1]

Rµν − 1
2 gµν R = −8πG T (M)

µν , (2.1)

with Rµν the Ricci curvature tensor, R the Ricci curvature scalar, T (M)
µν the

energy-momentum tensor of the matter (described by the Standard Model of
elementary particles and possible extensions), and G Newton’s gravitational
coupling constant. In this section and the next, we use relativistic units with
c = 1 and the spacetime indices µ, ν run over {0, 1, 2, 3}.

For the record, we give the energy-momentum tensor of a perfect fluid [1]:

T (M, perfect fluid)
µν = (PM + ρM ) Uµ Uν + PM gµν , (2.2)

with a normalized four-velocity Uµ of the comoving fluid element and scalars
ρM and PM (corresponding to the energy density and the pressure measured
in a localized inertial frame comoving with the fluid).
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We will now review a special solution of the Einstein equation with a rel-
ativistic perfect fluid, namely the Friedmann–Lemaître–Robertson–Walker
expanding universe [2–5]. For a homogeneous and isotropic cosmological
model, the spatially flat Robertson–Walker (RW) metric is [4, 5]

ds2
∣∣(RW) ≡ gµν(x) dxµ dxν

∣∣(RW)
= −dt2 + a2(t) δmn dxm dxn , (2.3)

with x0 = c t and c = 1. The spatial indices m, n run over {1, 2, 3}.
Consider a homogeneous perfect fluid with energy density ρM (t) and

pressure PM (t). Then, the Einstein equation (2.1) with the RW metric
Ansatz (2.3) and the energy-momentum tensor of a homogeneous perfect
fluid (2.2) gives the following spatially flat Friedmann equations:(

ȧ

a

)2

=
8πG

3
ρM , (2.4a)

ä

a
+

1

2

(
ȧ

a

)2

= −4πGPM , (2.4b)

ρ̇M + 3
ȧ

a
(ρM + PM ) = 0 , PM = PM (ρM ) , (2.4c)

where the overdot stands for differentiation with respect to t. The first
equation in (2.4c) corresponds to energy conservation and the second stands
for the equation-of-state (EOS) relation between pressure and energy density
of the perfect fluid. The matter is, moreover, assumed to satisfy the standard
energy conditions. The null energy condition of the perfect fluid (2.2), for
example, corresponds to the inequality ρM + PM ≥ 0.

2.2. Big Bang singularity

The Friedmann equations (2.4) for relativistic matter with constant EOS
parameter wM ≡ PM/ρM = 1/3 give the well-known Friedmann–Lemaître–
Robertson–Walker (FLRW) solution [2–5]:

a(t)
∣∣∣(FLRW)

(wM=1/3)
=
√
t/t0 , for t > 0 , (2.5a)

ρM (t)
∣∣∣(FLRW)

(wM=1/3)
= ρM0/a

4(t) = ρM0 t
2
0/t

2 , for t > 0 , (2.5b)

where the cosmic scale factor has normalization a(t0) = 1 at t0 > 0 and the
constant ρM0 is positive [from (2.4a), we have that GρM0 is proportional to
1/t20 ]. This FLRW solution displays the Big Bang singularity for t→ 0+:

lim
t→0+

a(t) = 0 , (2.6)
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with diverging curvature (e.g., a diverging Kretschmann curvature scalar
K ≡ Rµνρσ Rµνρσ ∝ 1/t4) and diverging energy density (2.5b).

At t = 0, however, the used theory (i.e., general relativity and the stan-
dard model of elementary particles) is no longer valid and we can ask what
happens really? Or, more precisely: how to describe the birth of the Uni-
verse?

3. Regularized Big Bang

3.1. New metric and modified Friedmann equations

First, we set out to control the divergences of the standard Friedmann
cosmology or, in other words, to “regularize” the Big Bang singularity. We
do this by using a new Ansatz [4–6]

ds2
∣∣(RWK) ≡ gµν(x) dxµ dxν

∣∣(RWK)
= − t2

t2 + b2
dt2 + a2(t) δmn dxm dxn ,

(3.1a)

b > 0 , a2(t) > 0 , (3.1b)

t ∈ (−∞, ∞) , xm ∈ (−∞, ∞) , (3.1c)

with x0 = c t and c = 1. The nonzero length scale b enters the metric
component g00(t) and will be seen to act as a regulator. Setting b = 0 in the
metric (3.1a) formally reproduces the RW metric (2.3) with g00 = −1, but
this does not really hold for the metric (3.1) at t = 0, which has g00(0) = 0.
In short, the limits t→ 0 and b→ 0 do not commute for g00(t) from (3.1a).

The metric gµν(x) from (3.1) is degenerate, with a vanishing determinant
at t = 0. Physically, the t = 0 slice corresponds to a three-dimensional
spacetime defect (the terminology has been chosen so as to emphasize the
analogy with a defect in an atomic crystal). See Refs. [7–10] for further
discussion of the new cosmological metric (3.1) and Refs. [11–14] for some
background on this type of spacetime defect.

At this moment, we have two general observations. First, if we replace
the symbol t from (2.3) by τ ∈ R and perform surgery on τ (introducing the
length scale b by removing the open interval between the points τ = −b and
τ = +b), then there is a coordinate transformation [6] between the resulting
τ and t ∈ R, which transforms the metric from (2.3) into the one from (3.1a).
But this coordinate transformation is not a diffeomorphism (an invertible
C∞ function), as the two points τ = ±b are mapped into the single point
t = 0. This implies that the differential structure corresponding to (2.3)
is different from the one corresponding to (3.1a); see also Ref. [12] and the
second remark at the end of this subsection for related comments.



M-theory and the Birth of the Universe 1011

Second, the metric (3.1a) at t ∼ b is a large perturbation away from
the RW metric (2.3) for equal values of a(t), so that t � b would be
required in Hawking’s argument for the occurrence of a singularity (see
the sentence “Therefore any perturbation . . . ” from the top-left column on
p. 690 of Ref. [15]). Anyway, more general cosmological singularity theorems
[16–18] hold true and we shall comment on their interpretation in the last
paragraph of Section 3.3.

The standard Einstein equation (2.1) with the new metric Ansatz (3.1)
and a homogeneous perfect fluid (2.2) givesmodified spatially flat Friedmann
equations: [

1 +
b2

t2

] (
ȧ

a

)2

=
8πG

3
ρM , (3.2a)

[
1 +

b2

t2

] (
ä

a
+

1

2

(
ȧ

a

)2
)
− b2

t3
ȧ

a
= −4πGPM , (3.2b)

ρ̇M + 3
ȧ

a
(ρM + PM ) = 0 , PM = PM (ρM ) , (3.2c)

where the overdot stands again for differentiation with respect to t. Two
remarks are in order. First, the inverse metric from (3.1a) has a component
g00 = (t2 + b2)/t2 that diverges at t = 0 and we must be careful to obtain
the reduced field equations at t = 0 from the limit t → 0 (see Sec. 3.3.1
of Ref. [13] for further details and Ref. [19] for a discussion of the practical
advantages of using a first-order formalism). Second, the new b2 terms in the
modified Friedmann equations (3.2a) and (3.2b) are a manifestation of the
different differential structure of (3.1a) compared to the differential structure
of (2.3) which gives the standard Friedmann equations (2.4a) and (2.4b).

3.2. Regular solution

Having obtained modified Friedmann equations, it is clear that we ex-
pect to get modified solutions. In fact, for constant EOS parameter wM ≡
PM/ρM = 1/3, the even solution of (3.2) reads [2–6]

a(t)
∣∣∣(FLRWK)

(wM=1/3)
= 4

√
(t2 + b2)

/ (
t20 + b2

)
, (3.3a)

ρM (t)
∣∣∣(FLRWK)

(wM=1/3)
= ρM0/a

4(t) = ρM0

(
t20 + b2

) / (
t2 + b2

)
, (3.3b)

where the cosmic scale factor has normalization a(t0) = 1 at t0 > 0 and the
constant ρM0 is positive [from (3.2a), we have GρM0 ∝ 1/(b2 + t20) ].
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The new solution (3.3) is perfectly smooth at t = 0 as long as b 6= 0,
and the same holds for the corresponding Kretschmann curvature scalar
K(t) ∝ 1/(b2 + t2)2. Figure 1 compares this regularized FLRWK solution
(full curve) with the singular FLRW solution (dashed curve).

Observe that the function a(t) from (3.3a) is convex over a finite interval
around t = 0, whereas the function ã(τ) from (2.5a), with t replaced by τ
and t0 by τ0, is concave for τ ≥ b > 0. This different behavior of a(t) just
above t = 0 (convex) and ã(τ) just above τ = b (concave) results from the
different differential structures mentioned at the end of Section 3.1.
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Fig. 1. Cosmic scale factor a(t) of the spatially flat FLRWK universe with w = 1/3

matter (full curve), as given by (3.3a) for b = 1 and t0 = 4
√

5. Also shown is
the cosmic scale factor of the standard spatially flat FLRW universe with w = 1/3

matter (dashed curve), as given by (2.5a) with t0 = 4
√

5.

3.3. Bounce or new physics phase?

With the regular solution (3.3) in hand, there are now two scenarios:

1. A nonsingular bouncing cosmology, where the cosmic time coordinate t
runs from −∞ to +∞. This scenario may hold for b� lPlanck, so that
classical Einstein gravity can be expected to be applicable. A possibly
more realistic solution than the one from (3.3) has EOS parameter
wM = 1 in the prebounce epoch and wM = 1/3 in the postbounce
epoch [8]. Potential experimental signatures may rely on gravitational
waves generated in the prebounce epoch, which keep on propagating
into the postbounce epoch [9].

2. A new physics phase at t = 0, which produces two apparently similar
universes. This scenario may hold for b ∼ lPlanck. A special scenario
has the new physics phase at t = 0 pair-producing a “universe” for
t > 0 and an “antiuniverse” for t < 0. The relative role of particles
and antiparticles in the t > 0 branch is then reversed compared to the
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one in the separate t < 0 branch. In order to obtain this particle–
antiparticle behavior, it appears necessary to use the (discontinuous)
odd solution for a(t), as given by the right-hand side of (3.3a) for t > 0
and the same with an overall minus sign for t < 0. (The full curve of
Fig. 1 also applies to this odd solution, as the figure plots the absolute
value of a.) See Ref. [20] for further discussion.

For both scenarios, the t = 0 slice corresponds to a three-dimensional
spacetime defect, which manifests itself as a finite discontinuity at t = 0
in the trace Kextr(t) of the extrinsic curvature on constant-t hypersurfaces.
Also, there is a finite discontinuity at t = 0 in the expansion θ(t) for a
particular congruence of timelike geodesics (for the standard FLRW solution,
θ(t) diverges as t→ 0+; see Sec. 4.2.3 of Ref. [10] for the explicit expressions
of θ). The discontinuous behavior of Kextr(t) and θ(t), in the spacetime with
metric (3.1), shows that Kextr(t) and θ(t) are ill-defined at t = 0. A related
observation is that the t = 0 hypersurface of the spacetime with metric (3.1)
is not a Cauchy surface (cf. Sec. 10.2 of Ref. [18]).

It is unclear for the first scenario, what physical mechanism determines
the relatively large value of b and the raison d’être of the spacetime defect
in the first place. For the second scenario, the hope is that the new physics
sets the value of b and also explains the origin of the spacetime defect. The
focus of this review article is on the second scenario.

In any case, there is no doubt as to the validity of the Hawking and
Hawking–Penrose cosmological singularity theorems [16, 17] and the “singu-
larity” of these theorems may very well correspond to a three-dimensional
spacetime defect with a locally degenerate metric, as long as the defect is
explained by new physics (if, for example, the defect is produced as a rem-
nant of a new physics phase). We refer the reader to the paragraph starting
with “This brings us to the third question: the nature of the singularity” in
Sec. 1 of Hawking’s paper [16]. Our suggested new physics would, in prin-
ciple, be physically observable, which would address Hawking’s reservations
about including the degeneracy points in the definition of spacetime (see,
in particular, the sentence with the word “undesirable” in the paragraph
mentioned).

4. New phase from M-theory

4.1. Preliminary remarks

We will now explore the idea that a new physics phase gave rise to
classical spacetime and matter, as described by general relativity and the
Standard Model of elementary particles. The fabric of classical spacetime
would emerge from this new physics phase and classical spacetime might
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resemble an atomic crystal. But, for an atomic crystal, we know that, if
the formation of the crystal is rapid enough, there may occur crystal de-
fects. By analogy, it could then be that the hypothetical new physics phase
produced the regularized-big-bang spacetime (3.1), with a three-dimensional
spacetime defect.

For the moment, we do not know for sure how to describe such a new
physics phase. One candidate theory is M-theory. Recall that M-theory is
a hypothetical theory that unifies all five consistent versions of superstring
theory (cf. Refs. [21–23]); see the “nerve-cell” sketch of Fig. 2.

Fig. 2. Sketch of the relationship between M-theory, the five ten-dimensional su-
perstring theories, and eleven-dimensional supergravity theory.
License notice: Polytope24 (https://commons.wikimedia.org/wiki/File:
Limits_of_M-theory.png), “Limits of M-theory”, https://creativecommons.
org/licenses/by-sa/3.0/legalcode

For an explicit description of the new physics phase replacing the Big
Bang, we will use the IIB matrix model of Kawai and collaborators
[24, 25], which has been proposed as a nonperturbative formulation of type-
IIB superstring theory and, thereby, of M-theory (the assumption is that all
theories of Fig. 2 belong to the same universality class).

4.2. IIB matrix model

The IIB matrix model, also known as IKKT model [24, 25], has a finite
number of N × N traceless Hermitian matrices: ten bosonic matrices Aµ
and essentially eight fermionic (Majorana–Weyl) matrices Ψα.

The partition function Z of the Lorentzian IIB matrix model is defined
by the following “path” integral [24–27]:

https://commons.wikimedia.org/wiki/File: Limits_of_M-theory.png
https://commons.wikimedia.org/wiki/File: Limits_of_M-theory.png
https://creativecommons.org/licenses/by-sa/3.0/legalcode
https://creativecommons.org/licenses/by-sa/3.0/legalcode
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Z =

∫
dAdΨ exp

[
i S/`4

]
=

∫
dA exp

[
i Seff/`

4
]
, (4.1a)

S = −Tr

(
1

4
[Aµ, Aν ] [Aρ, Aσ] η̃µρ η̃νσ + 1

2Ψβ Γ̃
µ
βα η̃µν [Aν , Ψα]

)
, (4.1b)

η̃µν = [diag (−1, 1, . . . , 1)]µν , for µ, ν ∈ {0, 1, . . . , 9} , (4.1c)

where the action (4.1b) contains only Yang–Mills-type commutators, defined
by [X, Y ] ≡ X · Y − Y · X for square matrices X and Y . The fermionic
matrices have been integrated out in the last step of (4.1a) and the effective
action Seff includes a complicated high-order term in addition to the bosonic
quartic term. Expectation values of further observables will be discussed
later.

We have two technical remarks. First, we speak of the “Lorentzian”
IIB matrix model, because the coupling constants η̃µν in (4.1c) resemble
the Lorentzian metric of ten-dimensional Minkowski spacetime. Second, a
model length scale, `, has been introduced in (4.1a), so that Aµ from (4.1b)
has the dimension of length and Ψα the dimension of (length)3/2.

Now, the matrices Aµ and Ψα in (4.1a) are merely integration variables.
Moreover, there is no obvious small dimensionless parameter to motivate a
saddle-point approximation. Hence, the following conceptual question arises;
where is the classical spacetime?

Recently, we have suggested to revisit an old idea, the large-N master
field of Witten [28–30], for a possible origin of classical spacetime in the
context of the IIB matrix model [31]. Let us, first, recall the meaning of this
mysterious master field (a name coined by Coleman [29]) and, then, present
the final result (with technical details moved to the Appendices).

4.3. Large-N master field

Consider the following bosonic observable:

wµ1 ... µm ≡ Tr (Aµ1 . . . Aµm) , (4.2)

which is invariant under a global gauge transformation

A′µ = ΩAµΩ † , Ω ∈ SU(N) . (4.3)

Arbitrary strings of these w observables have expectation values

〈wµ1 ... µm wν1 ... νn . . . 〉 =
1

Z

∫
dA (wµ1 ... µm wν1 ... νn . . . ) exp

[
i Seff/`

4
]
,

(4.4)
where the normalization factor 1/Z gives 〈 1 〉 = 1.
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For a string of two identical w observables, the following factorization
property holds to leading order in N :

〈wµ1 ... µm wµ1 ... µm 〉 N= 〈wµ1 ... µm〉 〈wµ1 ... µm〉 , (4.5)

without sums over repeated indices. Similar large-N factorization properties
hold for all expectation values (4.4),

〈wµ1 ... µm wν1 ... νn . . . wω1 ... ωz 〉 N= 〈w µ1 ... µm 〉 〈w ν1 ... νn 〉 . . . 〈w ω1 ... ωz 〉 ,
(4.6)

with a product of expectation values on the right-hand side.
The leading-order equality (4.5) states that the expectation value of the

square of w equals the square of the expectation value of w, which is a truly
remarkable result for a statistical (quantum) theory. Indeed, according to
Witten [28], the factorizations (4.5) and (4.6) imply that the path integrals
(4.4) are saturated by a single configuration, the so-called master field Âµ

(from now on, the caret will denote a master-field variable).
Considering one w observable for simplicity and working to leading order

in N , we then have for its expectation value:

〈wµ1 ... µm 〉 N= Tr
(
Âµ1 . . . Âµm

)
≡ ŵ µ1 ... µm . (4.7)

Similarly, we have for the other expectation values (4.4):

〈wµ1 ... µm wν1 ... νn . . . wω1 ... ωz 〉 N= ŵ µ1 ... µm ŵ ν1 ... νn . . . ŵ ω1 ... ωz , (4.8)

with a product of real numbers on the right-hand side. Hence, we do not
have to perform the path integrals on the right-hand side of (4.4): we “only”
need ten traceless Hermitian matrices Âµ to get all these expectation values
from the simple procedure of replacing each Aµ in the observables by Âµ

(the quotation marks are there, because the ten matrices are, of course, very
large as N increases towards infinity).

4.4. Emergent classical spacetime

Now, the meaning of the suggestion in the last paragraph of Section 4.2
is clear: classical spacetime may reside in the matrices Âµ of the IIB-matrix-
model master field. The heuristics is as follows:

— The expectation values 〈wµ1 ... µm wν1 ... νn . . . wω1 ... ωz〉 from (4.4) cor-
respond to an infinity of real numbers and these real numbers contain
a large part of the information content of the IIB matrix model (but,
of course, not all the information).
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— That same information is carried by the master-field matrices Âµ,
which reproduce, to leading order in N , the very same real numbers as
the products ŵ µ1 ... µm ŵν1 ... νn . . . ŵ ω1 ... ωz , where each real number ŵ
entering these products is the observable w evaluated for the master-
field matrices Âµ.

— From these master-field matrices Âµ, it appears indeed feasible to
extract the points and metric of an emergent classical spacetime (recall
that the original matrices Aµ were merely integration variables).

It is certainly satisfying to have a heuristic understanding, but we would like
to proceed further.

Let us, first, assume that the matrices Âµ of the Lorentzian-IIB-matrix-
model master field are known and that they are approximately band-diagonal
(as suggested by the numerical results of Refs. [26, 27]). Then, it is possi-
ble [31] to extract a discrete set of spacetime points {x̂µk } and the emer-
gent inverse metric gµν(x) for a continuous (interpolating) spacetime coor-
dinate xµ; toy-model calculations have been presented in Refs. [32, 33]. The
metric gµν(x) is simply obtained as matrix inverse of gµν(x).

It is even possible [34] that the large-N master field of the Lorentzian-
IIB-matrix model gives the regularized-big-bang metric (3.1). In that case,
the final result is that the effective length parameter b of the emergent
regularized-big-bang metric (3.1) is calculated in terms of the IIB-matrix-
model length scale `:

beff ∼ `
?∼ lPlanck ≡

√
~G/c3 ≈ 1.62× 10−35 m . (4.9)

The argument for the connection of ` and lPlanck has been presented in
Sec. IV of Ref. [34], under the assumption that Einstein gravity is recovered
from the IIB matrix model.

Technical details are collected in four Appendices. Specifically, Appen-
dix A discusses how precisely the spacetime points are extracted from the
matrices Âµ of the Lorentzian-IIB-matrix-model master field, under the as-
sumption that these matrices are known. Appendix B then shows how the
emergent spacetime metric is obtained from the distributions of the extracted
spacetime points. Appendix C discusses different emergent spacetimes,
which result from different assumptions for the properties of the master-field
matrices. (Discussed as well, in the second subsection of Appendix C, is the
issue of “topology without topology”, namely obtaining an effective nontriv-
ial topology from strong gravitational fields [35].) Appendix D presents an
alternative mechanism for getting a Lorentzian signature of the emergent
spacetime metric.
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At this moment, we should mention that there are also other approaches
to extracting a classical spacetime, examples being noncommutative geom-
etry [36, 37] and entanglement [38, 39].

5. Conclusion

It is conceivable that a new physics phase replaces the Friedmann Big
Bang singularity suggested by our current theories, general relativity and
the Standard Model of elementary particles. For an explicit calculation,
we have turned to the IIB matrix model, which has been proposed as a
nonperturbative formulation of type-IIB superstring theory (M-theory).

The crucial insight is that the emergent classical spacetime may reside
in the matrices Âµ of the large-N master field of the IIB matrix model. The
master-field matrices Âµ can, in principle, produce the regularized-big-bang
metric (3.1) with length parameter b ∼ `, where ` is the length scale of the
matrix model.

The outstanding task, now, is to calculate the exact matrices Âµ of the
IIB-matrix-model master field (see also the last subsection of Appendix D
for further comments). As the exact matrices Âµ will be hard to obtain, it
perhaps makes sense to first look for a reliable approximation of them.

It is a pleasure to thank Z.L. Wang for discussions on cosmological sin-
gularity theorems and the Conference Organizers for bringing about this
interesting online meeting.

Note Added: Following up on the remarks in the very last paragraph
of Appendix D, we have started with the calculation of the master-field
matrices [40, 41].

Appendix A

Extraction of the spacetime points

Aoki et al. [25] have argued that the eigenvalues of the bosonic matrices
Aµ of model (4.1) can be interpreted as spacetime coordinates, so that the
model has a ten-dimensional N = 2 spacetime supersymmetry. This super-
symmetry, incidentally, implies the existence of a graviton, as long as there
are massless particles in the spectrum.

Here, we will turn to the eigenvalues of the master-field matrices Âµ.
Assume that the matrices Âµ of the Lorentzian-IIB-matrix-model master
field are known and that they are approximately band-diagonal with width
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∆N < N (as suggested by the numerical results of Refs. [26, 27]). Then,
make a particular global gauge transformation [26],

Â
µ

= Ω ÂµΩ † , Ω ∈ SU(N) , (A.1)

so that the transformed 0-component matrix is diagonal (the component 0
is singled out by the “Lorentzian” coupling constants η̃µν) and has ordered
eigenvalues α̂i ∈ R,

Â
0

= diag (α̂1, α̂2, . . . , α̂N−1, α̂N ) , (A.2a)

α̂1 ≤ α̂2 ≤ . . . ≤ α̂N−1 ≤ α̂N , (A.2b)
N∑
i=1

α̂i = 0 . (A.2c)

The ordering (A.2b) will turn out to be crucial for the time coordinate t̂ to
be obtained later.

A relatively simple procedure [31] approximates the eigenvalues of the
spatial matrices Â

m
but still manages to order them along the diagonal,

in sync with the temporal eigenvalues α̂i from (A.2). This procedure cor-
responds, in fact, to a type of coarse graining of some of the information
contained in the master field.

We start from the following trivial observations. If M is an N × N
Hermitian matrix, then any n×n block centered on the diagonal ofM is also
Hermitian, which holds for any value of n with 1 ≤ n ≤ N . If the matrix M
is, moreover, band-diagonal with width ∆N < N , then the eigenvalues of
the n×n blocks on the diagonal approximate the original eigenvalues of M ,
provided n & ∆N .

Now, let K and n be divisors of N , so that

N = K n , (A.3)

where both K and n are positive integers. Then, consider, in each of the ten
matrices Â

µ
, the K adjacent blocks of size n× n centered on the diagonal.

From (A.2), we already know the diagonalized n × n blocks of Â
0
with

eigenvalues α̂i. This allows us to define the following time coordinate t̂ (σ)
for σ ∈ (0, 1] from the averages of the α̂i’s in the blocks (labeled k):

x̂ 0 (k/K) ≡ c̃ t̂ (k/K) =
1

n

n∑
j=1

α̂(k−1)n+j , (A.4)
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with k ∈ {1, . . . , K} and a velocity c̃ to be set to unity later. The time
coordinates from (A.4) are ordered,

t̂ (1/K) ≤ t̂ (2/K) ≤ . . . ≤ t̂ (1− 1/K) ≤ t̂ (1) , (A.5)

precisely because the α̂i are ordered according to (A.2b). Observe that this
ordering property is the defining characteristic of what makes a physical
time.

Next, let us obtain the eigenvalues of the n×n blocks of the nine spatial
matrices Â

m
and denote these real eigenvalues by (β̂m)i , with a label i ∈

{1, . . . , N} respecting the order of the n-dimensional blocks. Define, just
as for the time coordinate in (A.4), the following nine spatial coordinates
x̂m(σ) for σ ∈ (0, 1] from the respective averages:

x̂m (k/K) =
1

n

n∑
j=1

[
β̂m

]
(k−1)n+j

, (A.6)

with k ∈ {1, . . . , K}.
If the master-field matrices Â

µ
are approximately band-diagonal with

width ∆N and if the eigenvalues of the spatial n×n blocks (with n & ∆N)
show significant scattering [32], then the expressions (A.4) and (A.6) may
provide suitable spacetime points. In a somewhat different notation, these
points are denoted

x̂µk =
(
x̂ 0
k , x̂

m
k

)
≡
(
x̂ 0 (k/K) , x̂m (k/K)

)
, (A.7)

where k runs over {1, . . . , K} withK = N/n from (A.3). Each of these coor-
dinates x̂µk has the dimension of length, which traces back to the dimension
of the bosonic matrix variable Aµ, as mentioned in the second technical
remark of the new paragraph starting a few lines below (4.1).

There are alternative procedures for the extraction of spacetime points,
one of which is discussed in Appendix B of Ref. [32]. That alternative
procedure randomly selects one eigenvalue from each n × n block of the
gauge-transformed master-field matrices Â

µ
and gives the following ex-

tracted points (denoted by a tilde instead of a caret):

x̃ 0
k = α̂(k−1)n+rand[1, n] , (A.8a)

x̃mk =
[
β̂m

]
(k−1)n+rand[1, n]

, (A.8b)

where k runs over {1, . . . , K} and “rand[1, n]” is a uniform pseudorandom
integer from the set {1, 2, . . . , n}. For the moment, we focus our attention
on the averaging procedure from (A.4) and (A.6).
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To summarize, with N = K n and n & ∆N , the extracted spacetime
points x̂µk , for k ∈ {1, . . . , K}, are obtained as averaged eigenvalues of
the n × n blocks along the diagonals of the gauge-transformed master-field
matrices Â

µ
from (A.1)–(A.2).

Appendix B

Extraction of the spacetime metric

The discrete set of points {x̂µk } from (A.7) effectively builds a spacetime
manifold with continuous (interpolating) coordinates xµ if there is also an
emerging metric gµν(x).

From the effective action of a low-energy scalar degree of freedom σ “prop-
agating” over the discrete spacetime points x̂µk (see below for details), the fol-
lowing expression for the emergent inverse metric has been obtained [25, 31]:

gµν(x) ∼
∫
RD

dDy ρav(y) (x− y)µ (x− y)ν f(x− y) r(x, y) , (B.1a)

ρav(y) ≡ 〈〈 ρ(y) 〉〉 , (B.1b)

with continuous spacetime coordinates xµ having the dimension of length
and spacetime dimension D = 1 + 9 = 10 for the original model (4.1).

The quantities that enter the integral (B.1) are the density function

ρ(x) ≡
K∑
k=1

δ(D) (x− x̂k) , (B.2)

the density correlation function r(x, y) defined by

〈〈 ρ(x) ρ(y) 〉〉 ≡ 〈〈 ρ(x) 〉〉 〈〈 ρ(y) 〉〉 r(x, y) , (B.3)

and a localized real function f(x) from the scalar effective action,

Seff [σ] ∼
∑
k, l

1

2
f (x̂k − x̂l) (σk − σl)2 , (B.4)

where σk is the real field value at the point x̂k (the real scalar degree of
freedom σ arises from a perturbation of the master field Â

µ
and has the

dimension of length; see Appendix A in Ref. [31] for a toy-model calculation).
For the extraction procedure of Appendix A, the quantity 〈〈 ρ(y) 〉〉 in (B.1b)
results from averaging over different block sizes n and block positions along
the diagonals in the master-field matrices Â

µ
(possibly with smaller blocks

at the end or beginning of the diagonal, for a fixed large value of N).
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Very briefly, expression (B.1) is obtained as follows from the effective
action (B.4). Define the continuous field σ(x) as having σ(x̂k) = σk and
write (B.4) in terms of σ(x). Next, average over different block structures in
the master-field matrices (see above) and make appropriate Taylor expan-
sions of σ(x). The continuous field σ(x) is then found to have a standard
local kinetic term (1/2) ∂µσ(x) ∂νσ(x) gµν(x) in the action, with the inverse
metric gµν(x) as given by the expression (B.1). See Sec. 4.2 of Ref. [25] for
further details.

As r(x, y) is dimensionless and f(x) has dimension 1/(length)2, the in-
verse metric gµν(x) from (B.1) is seen to be dimensionless. The metric gµν
is obtained as the matrix inverse of gµν . See Sec. II B of Ref. [34] for some
heuristic remarks on expression (B.1) for the emergent inverse metric.

Note that, in principle, the origin of expression (B.1) need not be the IIB
matrix model but can be an entirely different theory, as long as the emerging
inverse metric is given by a multiple integral with the same basic structure.
But, for the moment, we only discuss a IIB-matrix-model origin.

To summarize, the emergent metric, in the context of the IIB matrix
model, is obtained from correlations of the extracted spacetime points and
the master-field perturbations.

Appendix C

Various emergent spacetimes

Preliminaries

The obvious question, now, is which spacetime and metric do we get
from the steps outlined in Appendices A and B. We do not know for sure, as
we do not have the exact IIB-matrix-model master field. But, awaiting the
final result on the master field, we can already investigate what properties
the master field would need to have in order to be able to produce certain
desired metrics. It is far from obvious that these desired metrics can be
obtained from expression (B.1), but it appears indeed feasible. First results
are presented in the rest of this appendix.

Emergent Minkowski and Robertson–Walker metrics

We restrict ourselves to four “large” spacetime dimensions [26, 27], setting

D = 1 + 3 = 4 , (C.1)

and use length units that normalize the Lorentzian-IIB-matrix-model length
scale,

` = 1 . (C.2)
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In Ref. [33], we have then shown that it is possible to choose appropriate
functions ρav(y), f(x − y), and r(x, y) in (B.1) for D = 4, so that the
Minkowski metric is obtained, as given by (2.3) for a2(t) = 1. Furthermore,
it is possible to deform the chosen function ρav(y), so that the spatially flat
(k = 0) Robertson–Walker metric (2.3) is obtained.

The question was raised in Ref. [33] whether or not it would also be
possible, in principle, to obtain a Robertson–Walker universe with posi-
tive (k = +1) or negative (k = −1) spatial curvature. This is perhaps
not excluded as the following result suggests. It has been shown, in fact,
that the k = 1 Robertson–Walker universe need not really have an under-
lying R× S3 topology but can result from strong gravitational fields over
Minkowski spacetime with an R4 topology (see Ref. [35], which builds upon
unpublished work from 1992 by M. Veltman and the present author).

Emergent regularized-big-bang metric

In order to get an inverse metric whose component g00 diverges at t = 0,
it is necessary to relax the convergence properties of the y0 integral in (B.1)
by a suitable change in the Ansätze for ρav(y), f(x− y), and r(x, y).

In this way, we are able to obtain the following inverse metric [34]:

gµν(eff) ∼


− t

2 + c−2

t2
, for µ = ν = 0 ,

1 + c2 t
2 + c4 t

4 + . . . , for µ = ν = m ∈ {1, 2, 3} ,

0 , otherwise ,

(C.3)

with real dimensionless coefficients cn in gmm(eff) resulting from the requirement
that tn terms, for n > 0, vanish in g00

(eff). The matrix inverse of (C.3) gives
the following Lorentzian metric:

g(eff)
µν ∼


− t2

t2 + c−2
, for µ = ν = 0 ,

1

1 + c2 t
2 + c4 t

4 + . . .
, for µ = ν = m ∈ {1, 2, 3} ,

0 , otherwise ,

(C.4)

which has, for c−2 > 0, a vanishing determinant at t = 0 and is, therefore,
degenerate.

The emergent degenerate metric (C.4) has, in fact, the structure of the
RWK metric (3.1), with the following effective parameters:

b2eff ∼ c−2 `
2 , a2

eff(t) ∼ 1− c2 (t/`)2 + . . . , (C.5)
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where the IIB-matrix-model length scale ` has been restored and where the
leading coefficients c−2 and c2 have been calculated [34]. By choosing the
Ansatz parameters appropriately, we can get c−2 > 0 and c2 < 0 in (C.5),
so that the emergent classical spacetime corresponds to the spacetime of a
nonsingular cosmic bounce at t = 0, as obtained in (3.3a) from Einstein’s
gravitational field equation with a homogeneous relativistic perfect fluid.
Incidentally, a possibly odd functional behavior of a(t), as mentioned in
point 2 of Section 3.3, could result from a consistency condition involving
the fermionic degrees of freedom, which are present in the original matrix
model (4.1).

As a final remark, we note that the origin of the spacetime defect in
the regularized-big-bang (RWK) metric appears to be due to long-range
tails [34] of certain correlation functions entering the multiple-integral ex-
pression (B.1) for the emergent inverse metric.

Appendix D

More on the Lorentzian signature

Alternative mechanism

Up till now, we have considered the Lorentzian-IIB-matrix model, which
has two characteristics:

1. the Feynman phase factor exp
[
i S/`4

]
in the “path” integral (4.1a);

2. the “Lorentzian” coupling constants η̃µν from (4.1c) entering the ac-
tion (4.1b).

With an assumed master field of this Lorentzian matrix model, we obtained
the spacetime points from expressions (A.4) and (A.6) in Appendix A and
the inverse metric from expression (B.1) in Appendix B.

Several Lorentzian inverse metrics were found in Appendix C, where
the used Ansätze [33, 34] relied on the available “Lorentzian” coupling con-
stants η̃µν . Specifically, the metrics obtained were the Minkowski metric,
the Robertson–Walker metric, and the regularized-big-bang (RWK) metric.

There is, however, another way [31] to obtain Lorentzian inverse metrics,
namely by making an appropriately odd Ansatz for the correlations functions
entering expression (B.1), so that the resulting matrix has an off-diagonal
structure with one real eigenvalue having a different sign than the others.

With this appropriately odd Ansatz, it is, in principle, also possible to
get a Lorentzian emergent inverse metric from the Euclidean matrix model,
which has a weight factor exp

[
−S/`4

]
in the path integral and nonnegative
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coupling constants δ̃µν in the action. The spacetime points are extracted
from the Euclidean master field (without need for a particular gauge trans-
formation) by expression (A.6), where m now runs over {1, . . . , D}.

Toy-model calculation

We present, here, the full details of a Euclidean toy-model calculation,
which appeared as a parenthetical remark in the last paragraph of Ap-
pendix B in Ref. [31].

We start the calculation with the multiple integral (B.1), for spacetime
dimension D = 4 and model length scale ` = 1, and write in the integrand

f(x− y) r(x, y) = f(x− y) r̃(y − x) r(x, y) = h(y − x) r(x, y) , (D.1)

where the new function r(x, y) has a more complicated dependence on x
and y than the combination x− y.

The D = 4 multiple integral (B.1), having y0 replaced by y4, is then
evaluated at the spacetime point

xµ = 0 , (D.2a)

with the replacement (D.1) in the integrand, two further simplifications

ρav(y) = 1 , r(x, y) = 1 , (D.2b)

and symmetric cutoffs on the integrals

1∫
−1

dy1 . . .

1∫
−1

dy4 . (D.2c)

The only nontrivial contribution to the integrand of (B.1) then comes from
the correlation function h as defined by (D.1).

From (B.1), (D.1), and (D.2), we get the following expression for the
emergent inverse metric at xµ = 0:

gµνtest,E4(0) ∼
1∫
−1

dy1

1∫
−1

dy2

1∫
−1

dy3

1∫
−1

dy4 yµ yν h(y) . (D.3)

Next, let us make an appropriate Ansatz for the correlation function h in
(D.3):

h(y) = 1− γ
(
y1 y2 + y1 y3 + y1 y4 + y2 y3 + y2 y4 + y3 y4

)
, (D.4)
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where γ multiplies monomials that are odd in two coordinates and even in
the two others. Note that the Ansatz (D.4) treats all coordinates y1, y2, y3,
and y4 equally, matching the structure of the coupling constants δ̃µν of the
Euclidean matrix model.

The integrals of (D.3) with Ansatz function (D.4) are trivial and we
obtain

gµνγ (0) ∼ 16

9


3 −γ −γ −γ
−γ 3 −γ −γ
−γ −γ 3 −γ
−γ −γ −γ 3

 , (D.5a)

where the matrix on the right-hand side has the following eigenvalues and
corresponding (normalized) eigenvectors:

Eγ =
16

9
{(3− 3 γ) , (3 + γ) , (3 + γ) , (3 + γ)} , (D.5b)

Vγ =


1

2


1
1
1
1

 ,
1√
2


1
−1
0
0

 ,
1√
2


0
0
1
−1

 ,
1

2


1
1
−1
−1


 . (D.5c)

From the eigenvalues (D.5b), we get the following signatures:

(+−−−) , for γ ∈ (−∞, −3) , (D.6a)

(+ + ++) , for γ ∈ (−3, 1) , (D.6b)

(−+ ++) , for γ ∈ (1, ∞) . (D.6c)

Hence, we find Lorentzian signatures for parameter values γ sufficiently far
away from zero, γ > 1 or γ < −3. Note that, for the Lorentzian cases, the
time direction corresponds to the first eigenvector of (D.5c) with four equal
components.

Outlook

The above toy-model calculation has shown that it is, in principle, pos-
sible to get a Lorentzian emergent inverse metric from the Euclidean-IIB-
matrix model, provided the correlation functions have an appropriate struc-
ture. This observation, if applicable, would remove the need for working
with the possibly more difficult Lorentzian-IIB-matrix model [26, 27] and
we could return to the original Euclidean-IIB-matrix model [24, 25].

In this respect, it is worth mentioning that, from earlier work by Green-
site and Halpern [30], we have obtained [31] an algebraic equation for the
Euclidean bosonic master field. It remains to solve this equation . . .
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