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Two sets of four 3 x 3 matrices 1), o1, 09, 03 and 13), py, po, ps are
constructed, forming two unitarily isomorphic reducible representations 3
of the group Z5 x Z5 called often the four-group. They are related to each
other through the effective neutrino mixing matrix U with s;3 = 0 and
generate four discrete transformations of flavor and mass active neutrinos,
respectively. If and only if s;3 = 0, the generic form of effective neutrino
mass matrix M becomes invariant under the subgroup Z; of Zs x Z3 rep-
resented by the matrices 1) and 3. In the approximation of m; = mag,
the matrix M becomes invariant under the whole Z5 x Zs represented by
the matrices 1), @1, 2, @3. The effective neutrino mixing matrix U with
s13 = 0 is always invariant under the whole Zs x Z5 represented in two
ways, by the matrices 1®®, 1, ¢a, @3 and 1), py, po, 3.

PACS numbers: 12.15.Ff, 14.60.Pq, 12.15.Hh

1. Introduction

As is well known, the neutrino experiments with solar v.’s [1], atmo-
spheric v,’s [2|, long-baseline accelerator v,’s [3] and long-baseline reac-
tor 7.’s [4] are very well described by oscillations of three active neutrinos
Ve, Vy , V7, Where the mass-squared splittings of the related neutrino mass
states v1, 1o, v3 are estimated to be Amgo1 = Am%l ~ 8 x 107° eV? and
Am?Z, = Am2, ~ 2.5 x 1072 eV? [5]. The effective neutrino mixing ma-

trix U = (Uy) ( = e,pu,7 and ¢ = 1,2,3), responsible for the unitary

transformation
Vo = ZUai Vi, (1)
i
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is experimentally consistent with the global bilarge form

C12 5192 0
U= —c23s12 c23c12 523 |, (2)
593512  —S23C12 €23

where ¢;; = cos 8;; and s;; =sin 0;; with the estimations 63 ~45° and 012 ~ 32°
(i.e., co3 ~ 1/v/2 ~ s93), while the matrix element Us = s13exp(—id)
is neglected due to the non-observation of neutrino oscillations for short-
baseline reactor .’s, especially in the Chooz experiment [6] giving for s?,
the upper limit 3%3 < 0.04. We assume here that 0 < 613 < 7/2, thus s13 =0
implies c13 = 1.

However, the mixing matrix (1) (involving two experimentally fitted
mass-squared scales Am3, and Am%,) cannot explain the possible LSND
effect for short-baseline accelerator ,,’s [7] that should require the existence
of a third independent neutrino mass-squared scale, say, Am%SND ~1eV2
Unless the CPT invariance is seriously violated in neutrino oscillations [8]
(leading to considerable mass splittings between neutrinos and antineutri-
nos), such a third scale cannot appear in the oscillations of three neutrinos.
So, if the ongoing MiniBooNE experiment [9] confirmed the LSND result,
we should need one, at least, light sterile neutrino in addition to three active
neutrinos in order to introduce the third scale (in the case, when the serious
CPT violation was excluded).

The effective neutrino mass matrix M = (M,g) (o, f = e, u, T) is con-
nected with the neutrino mixing matrix U through the formula

Mup = Z Uai mi ng ) (3)

if the flavor representation is used, where the mass matrix of charged leptons
e ,u~, 7 is diagonal and so, the mixing matrix U is at the same time the
diagonalizing matrix for M

> UsiMagUs; = midj (4)
o8

(we assume that MT = M* = M for simplicity). Applying the generic form
of the effective neutrino mixing matrix

1 0 0 C13 0 513 C12 512 0
U= 0 Co3 5923 0 1 0 —S812 C12 0 s (5)
0 —S893 Co3 —S13 0 C13 0 0 1
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(without one Dirac and two Majorana CP-violating phases for simplicity)
that is reduced to the form (2) if s;3 = 0, we obtain from Eq. (3)

2 (2 2 2
Mee = ci3 (612m1 + 812m2) + s{3ms,
2 (.2 2 2 1.2 (.2 2 2
M“u = C23 (312m1 + 612m2) + 323 [813 (Cl2m1 + 812m2) + Cl3m3]
+ 2c93593513¢12512(M1 — Ma2),

M7 = 3%3 (3%27”1 + 0%27”2) + 033 [5%3 (0%27”1 + 5%27”2) + C%3m3]

— 2c93593513¢12512(M1 — Mma2) ,

M, = — cozcizciasia(mi —ma) —sa3c13813 (C%ﬂnl +5%2m2_m3) )
M., = sa3ci3c12512(m1 — ma) — ca3c13513 (C%2m1 + S%zmz - m3) )
M, ; = —co3523 [S%le + 0%2777,2 — 8%3 (C%le + 3%2”’”12) - 6%3777/3]

+ C12812513 (033 - 5%3) (m1 —ma). (6)

If s13 =0, Egs. (6) can be rewritten in the matrix form as follows:

My +ms 1 20 0 0 20 0
M = — 0 C33  —C23823 +msz| O 833 €23823
0 —ca3s3 S35 0 c23593 2,
mi — ms Csol _6335501 523Ss0l
+ T —C23Ss0l —C53Cs0l 0233%36501 s (7)
523550l C23523Cs0l —5893Cs01

where ¢ = 0%2 — 8%2 = cos 2012 and sy, = 2¢12812 = sin2615. In Eq. (7),
all three 3 x 3 matrices on its rhs commute, while its third term is of the
form

mi—meo 1 0 0 0 —C23  S23
—5 |G| O —C33 23523 | +Ssol | —Co3 0 0 (8)
0 C23523 —833 5923 0 0

involving two anticommuting 3 x 3 matrices. Diagonalizing both sides of
Eq. (7), one gets consistently
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m 0 0 1 0 0 0 0 0
07@02@010—1—1%3000
0 0 my 0 0 0 00 1

(1 00
1720—10 (9)
0 0 0

2. Invariance of effective mass matrix M in the case of s13 =0

Introduce three discrete transformations of active neutrinos ve, v, v,

v, Ve
v, =¢a | Vu (a=1,2,3), (10)
vl v,
a
where
—1 0 0
Y1 = 0 Catm —Satm
0 —Satm —Catm
- 0 0
= diag (_1acatm03 - satmo'l)satﬂ 0 0 F1 >
0 =F1 0
1 0 0
Y2 = 0 -1 0
0 0 -1
= diag (1, —1(2)) ,
-1 0 0
Y3 = 0 —Catm  Satm
0 Satm  Catm
o —1 0 0
= diag (—1, —Catm03+Satmo1) 0 0 =1 |, (11)
0 =1 0

are 3 x 3 Hermitian matrices with ¢yt = 633 — 333 = cos 2653 and S, =
293593 = sin 2093 (here, the approximation of sy = %1 i.e., co3 = 1/v/2 =
+593 is experimentally satisfactory). Similarly, the 3 x 3 unit matrix
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18 = = diag(1,1%)), (12)

o O =
[l )
_— O O

where 1) = diag(1, 1), describes the active-neutrino identity transforma-
tion. The matrices (11) were already used in Ref. [10], but in the limit of
Satm — 1.

It is easy to see that the four matrices 1

Catm and Sutm the following algebraic relations

®), 1, @2, g3 satisfy for any
prpo = @3 (cyclic), ¢z =1%, v = pypa (13)
and also the constraint
1®) 4+ o1 + 92 + 3 = 0. (14)
The Cayley table equivalent to the relations (13) gets the form

[1®) o1 s g
180118 o oy g3
o1 o1 10 gy o
R R R
s |es @2 1 10

The algebraic relations (13) with 13) replaced by the generic unit ele-
ment 1 (and ¢1, 2, @3 — by three other generic group elements) character-
ize a finite group Zy x Z, of the order four often called the four-group [11]
(Z5 is the cyclic group of the order two). It is isomorphic to the dihedral
group [11] of the order four and also to the group of four special permutations

<1234> <1234> (1234) (1234) (15)
1234)°\2143)’\3412)°>\4321
of four objects. As is known, all finite groups of the order four are isomorphic
either to the four-group Zs x Z5 or to the cyclic group Z4 of the order four,
these two being not isomorphic to each other. Both are Abelian. Note that
the dihedral group of the order six is isomorphic to the permutation group
Ss of three objects, and the dihedral group of the order eight is the group
Dy considered in Refs. [12] and [13]. They are non-Abelian.

Four 3 x 3 matrices (12) and (11) constitute a reducible representation
3 = 1+ 2 of the four-group, where its representations 1 and 2 consist of four

numbers
1,-1,1, -1 (16)
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and of four 2 x 2 matrices
1(2) ; CatmO3 — SatmO1 , _1(2) , —Catm03 + SatmO1 , (17)

respectively. The representations 1 and 2 are, respectively, irreducible and
reducible but the second is not reduced (to the sum diag(1l,1) of two
irreducible representations 1 consisting of four numbers 1,1,—1,—1 and
1,-1,—1,1). The constraint (14) with 1) replaced by the generic unit
element 1 (and ¢1, @2, p3 — by three other generic group elements) is sat-
isfied in both cases. But this constraint is not included in the definition of
the four-group.

The four permutations (15) of four objects 1,2,3,4 can be represented
as a reducible representation 4 = 2 + 2 of the four-group consisting of four

4 x 4 matrices l(D), O‘%D), Y5 75093) = a1, where l(D), O‘%D)

(D)

Dirac 4 x 4 matrices in the Dirac representation: oy ' = diag(o1,01), 75 =
antidiag(1®®, 1) and, as always, 1(P) = diag (1®,1®). After a uni-
tary transformation of Dirac matrices, one can write v5 = diag(1(2) , —1(2))
and still O‘%D) = diag(o1,01), as in the chiral representation. Then, 4 =
diag (2,2), where the second of two not reduced representations 2 of the
four-group is identical with its representation (17), when cum = 0 and

Satm = —1 (Or Satm = 1, but then the elements agD) and 75093) of 4 are

interchanged). Putting formally (1,2,3,4)T = (—ve/V2, ve/V2, vy, v:)T,
one would obtain from the reducible representation 4 of the four-group its
reducible representation 1 + 1+ 2 = 1+ 3, where 1 = (1,—1,1,—1) and
3 =010, ¢, 2, @3) as given in Eqs. (16) and (12), (11) with cupm = 0
and Satm = —1 (or Saem = 1, but then the elements ¢1 and 3 of 3 are inter-
changed). In general, the representation 4 of the four-group might suggest
the existence of a fourth light neutrino, vy, sterile in the gauge interactions
of Standard Model. Then, the entries 1 and 2 in (1,2,3,4)" could be ex-
pressed through v, and v.. Note, however, that even in this case the strile
neutrino v may be eliminated, if the constraint

, v5 are formal

(1(D) + o s + 750§D)) (1,2,3,4)T =0,

is imposed on (1,2,3,4)T. In fact, with 5 = diag(1®), —1()) this constraint
is split into two conditions

(1(2)+01—|—1(2)+01) (1,2)T =0, and (1(2)+01—1(2)—01) (3,4)T =0,

of which the second is satisfied for 3 and 4 identically, while the first with
o1 = antidiag(1, 1) gives for 1 and 2 one condition (1) + (2) = 0 implying
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that from two orthogonal superpositions % [(1) 4+ (2)] and % [(2) — (1)]
only the second survives. Then, identifying v and v, with the first and the
second superposition, respectively, one obtains vs = 0 and v, = (2)\/§ =
—(1)v/2. In such a way vs may be eliminated indeed, giving (1,2,3,4)T =
(—ve/V2,ve/V2, Vy, v-)T, just as was formally considered above. After a uni-

tary transformation, where (1) — % [(1) + (2)] =0 and (2) — % [(2)—(1)]

= (2)Vv/2, one gets (—ve/V2,Ve/V2, vy, v7)Y — (0, ve, v, v7)T. Notice that,
after this transformation, the first of two representations 2 in 4 = diag(2, 2)
becomes reduced to the sum diag(1,1) of two irreducible representations 1
consisting of four numbers 1,1,1,1 and 1,—1,1, —1.

Making use of the matrices 13), ¢, @y, @3 as given in Eqgs. (12) and
(11), we can rewrite the formula (7) for the effective neutrino mass matrix,
valid in the case of s13 = 0, as follows

M o= Eﬂjglﬁm_wg+m;(ﬂa+%)

2 2 2
mi — msy 1 1
— Ty |Gy (1 — p2) + Ssol; (ca3A1 — sa3Aa) |,  (18)
where
0O 1 O 0 0 1
A = 1 0 O , A = 0 0 O , (19)
0O 0 O 1 0 O

are two of the eight Gell-Mann 3 x 3 matrices (here, the approximation of
Satm = F1 d.e., co3 = 1/3/2 = +s93 is experimentally satisfactory). Note
that 3(1®) + @3) = —5(p1 + ¥2).

With the matrix @3 as given in the third Eq. (11), it is not difficult to
show from Eq. (18) that in the case of s;3 = 0 the effective neutrino mass
matrix M is invariant under the third (e = 3) neutrino transformation (10),

p3Meps = M, (20)

while for the first (¢ = 1) and second (a = 2) transformations (10) one gets

p12Mp12 = M + (m1 — ma2)ssoi(caz A1 — s23A4) 0 6 (21)
i.€., in the limit of m; — mo — 0 the effective mass matrix M with s13 =0
is tnvariant also under the first and second transformations (10). So, in this
limit, the matrix M with s13 = 0 is invariant under the whole four-group.
It is also not difficult to demonstrate that, inversely, the invariance (20),
if imposed on M, implies for s13 the restriction s13 = 0. In fact, Egs. (6)
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for M,p valid for generic s13, when substituted into Eq. (20), lead e.g. to
the equality

Meu = (QOSM(PS)BH = catheu - SatheT

= My, + 2s93c13513 (Clam + sigma — m3) . (22)

This implies that s13 = 0 since c13 # 0. Then, with 0%3 = 1 the matrix M
must have the form (7) or (18), while with ¢13 = 1 the matrix U has to be
reduced to the form (2).

The proof that the restriction s13 = 0 follows from the invariance of M
described essentially by Eq. (20) (even if ca4m = cos 2023 # 0) was presented
previously in Ref. [12]. Such an invariance (with caty = cos 2633 = 0 and
s13 = 0) was considered also in Refs. [13,14] as well as in Ref. [10].

3. Duality of atmospheric and solar mixing angle
in the case of s13 =0

Four 3 x 3 matrices 1®), uy | pio, ps, where p, are defined by the unitary
transformations

o = Ul U, (a=1,2,3), (23)

constitute in the case of s13 = 0 another reducible representation 3 = 241 of
the four-group, that is unitarily isomorphic to its previous representation 3 =
1+ 2, consisting of 3 x 3 matrices 13), ¢, @9, @3 introduced in Egs. (11),
(12). In fact, with the use of Eqgs. (11) for ¢, (with any catm and saem) and
the form (2) of U valid in the case of s;3 = 0, we obtain

—Csol  —Ssol 0
H1 = —Ssol Csol 0 = diag(_csolo-l’» — Ss0101, _1) s
0 0 —1
Csol Ssol 0
M2 = Ssol  —Csol 0 = diag(csolo-l’» + 850101, _1) )
0 0 -1
-1 0 O
- 0 -1 0 | =diag(-1?®,1). (24)
0 0 1

Recall that ¢ = C%Q —3%2 = cos 2012 and sgo] = 2¢12512 = sin 2019. Here,
it is convenient to write 1) = diag(1(®) | 1). Evidently, the four matrices
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1(3)7 w1, po, pg satisfy for any cgop and sgo) the algebraic relations identical
in form with Eqgs. (13)

papiz = pg (cyelic),  p2 =19 pap = ppa (25)

and also the constraint identical in form with Eq. (14)

1@ + gy + g+ p3 = 0. (26)

The matrices u, were already considered in Ref. [10], but in the formal
limit of sg0p — 1 (in contrast to Sy = £1 i.e., co3 = 1/4/2 = %593, the
approximation sg,) = £1 4.e., c12 = 1/\/§ = 4519 is experimentally not
satisfactory).

From Egs. (23), (1) and (10) we can infer that

1z 1 Ve v,
vh | =pa| v | =Ulga | v | =U| v, (a=1,2,3).
vh V3 vy v

3 a T a (27)

Thus, the four-group transformations (27) of mass neutrinos v; (pro-
duced by three matrices p,) are covariant under the neutrino mixing (1):
they transit into the four-group transformations (10) of flavor neutrinos v,
(generated by three matrices @,).

In addition, Egs. (11) and (24) involving @,¢m = 2623 and Oy, = 269,
respectively, being related through the unitary transformations (23), tell us
that the atmospheric and solar mixing angles, O,tm = 26023 and Oy, = 2612
are in a way mutually dual in the process of neutrino mixing described in

Eq. (1)

1Z1 Ve
V9 = UT Vy, . (28)
1% Vs

Beside the duality relations U, (Catms Satm) U = fa (Csols Sso1) With ©g
and p, given in Eqgs. (11) and (24), respectively, we can show that

UT (ca3\1 — s23M) U = c1a)\1 — s12)3, (29)
where
1 0 O
=0 -1 0 (30)
0 0 O

is the third Gell-Mann 3 x 3 matrix. The duality relation (29) follows from
a direct calculation using the form (2) of U valid in the case of s13 = 0.
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The formula (27) compared with Eq. (28) shows that the effective neu-
trino mixing matrix U transforming v; into v, is tnvariant under the four-
group. The same conclusion follows as a tautology from Eqs. (23) rewritten
in the equivalent form

oUpg =U (a=1,2,3), (31)

where ¢, and u, belong to two unitarily isomorphic representations 3 of the
four-group.

4. Conclusion

Thus, if and only if s13 = 0, the generic form of the effective neutrino
mass matrix M becomes invariant under the subgroup Z, of the four-group
Zy X Zy, represented by 13) and ¢3. In the approximation of m; = ma, the
matrix M becomes invariant under the whole four-group represented by the
matrices 1), 1, 9, 3.

In the case of s13 = 0, the atmospheric and solar mixing angles, Oty =
2693 and Oy, = 2612, turn out to be mutually dual in the process of neutrino
mixing, what means that UTo,(Catm, Satm)U = fa(Csols 5s01) (@ = 1,2,3),
where catm = €08 0atm, Satm = SinGatm and cgo) = €08 Ogo1, Sgol = Sin Oq.
Here, 13, ©1, P2, w3 and 16, W1, M2, s constitute two unitarily isomor-
phic reducible representations 3 of the four-group (producing four-group
transformations of three flavor and three mass neutrinos, respectively).

Appendix A
A reducible representation 4 of the group Dy

The dihedral group of the order eight, Dy considered in Refs. [12] and
[13], is isomorphic to the group of eight special permutations of four objects:
four even permutations given in Eq. (15) and four odd permutations

1234 1234 1234 12314 (A1)
2341 4123)°\1432)"\3214)" '

These eight permutations of four objects 1,2,3,4 can be represented by the
following eight 4 x 4 matrices

1(D) ) O{D) o VB 750-9:)) )

Lo s o) 45 (o 5 i0)

(1® o) + oo (1™ 5 o), (A.2)

1
2 2
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respectively, constituting a reducible representation 4 of the group Dy. Here,
10, agD), agD), aéD), 5 are formal Dirac 4 x 4 matrices in the Dirac repre-
sentation: #P) = diag(&, &), 75 = antidiag(1(?),1?)) and, as always, 1(P) =
diag(1®,1®). As can be easily seen, the first four matrices (A.2) represent
the four-group as a subgroup of Dy, while the second four matrices (A.2)
represent the coset of the four-group in Dy, so, they make all the difference
between the group D4 and the four-group.

After a unitary transformation leading to the chiral representation of
Dirac matrices, one can write 5 =diag(1(®),—1()) and still #P) =diag(#, 7).
Then, the eight matrices (A.2) are reduced, respectively, to the forms

1@ 9 o 0 13 0 op 0
0o 1®» )L 0 o ’ o —-1® )L 0 -0 )

o 0 1@ 0
< 0 =ioy > ’ < 0 +o3 (A-3)

constituting a reduced representation 4 = diag(2,2) of the group D4. The
second of its two representations 2 involved in 4 = diag(2, 2) is irreducible,
while the first of them is reducible (but not yet reduced to 2 = diag(1,1)).
This is in contrast to the four-group, where both representations 2, involved
in its reduced representation 4 = diag(2,2), are reducible (but not yet re-
duced to 2 = diag(1,1) ).

In fact, after a second unitary transformation leading to the changes
o1 — 03, 09 — 03, 03 — —01, the eight matrices (A.3) take, respectively,
the following maximally reduced forms,

1@ 9 o5 0 13 0 o3 0
0o 1@ J°\L 0 o3 ) 0 -1@ J°\ 0 —o03 )’

o3 0 1@ 0
< 0 o9 > ’ < 0 Foq ’ (A4)

where o3 = diag(1,—1) is diagonal, but o7 and o9 are not (and cannot be
diagonalized simultaneously with each other and with o3). Thus, in the
case of group Dy or of four-group, the maximal reduction of 4 = diag(2,2)
gives 4 = diag(1,1,2) or 4 = diag(1,1,1,1), respectively. As follows from
Eq. (A.4), in the case of group D4 two irreducible representations 1 are
involved, consisting of eight numbers

1,1,1,1,1,1,1,1 and 1,-1,1,—1,—-1,—1,1,1,

while in the case of four-group four irreducible representations 1 appear,
consisting of four numbers

1,1,1,1;1,-1,1,-1; 1,1,—1,—1 and 1,—1,—1,1.
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If the second unitary transformation leading to o1 — 03 , 02 — 09 ,
o3 — —o is applied upstairs, i.e., only to the first 2 in 4 = diag(2, 2), the
eight matrices (A.3) transit, respectively, into the following reduced forms

1@ 0 o5 0 1@ 0 o3 0
0 1(2) ’ 0 o1 ’ 0 —1(2) ’ 0 —01 !

o3 0 1@ 0
< 0 :|:i02 >’ < 0 :|:O‘3 ' (A5)

Thus, in such a case, both for the group D, and the four-group the
reduction of 4 = diag(2,2) gives 4 = diag(1,1,2). The eight matrices (A.5)
can be rewritten, respectively, in the convenient forms

diag(1,1®)  diag(1,¢a) (a=1,2,3,4,5,6,7) (A.6)

constituting a reduced representation 4 = diag(1,3) of the group Dy, where
also 3 = diag(1,2) is its reduced representation. Here

1 0 0
1®=(0 1 0], (A7)
0 0 1
-1 0 0 1 0 0 -1 0 0
p1 = 0 0 1],02=10 -1 0 |,p3= 0 0o -1/,
0 1 0 0 0 -1 0 -1
are the four 3 x 3 matrices given in Eqgs. (11) and (12) with se3 = —1
(or s93 = 1, but then the matrices ;1 and @3 are interchanged), while
-1 0 0 1 0 0
P45 = 0 0 =+1 s 6,7 = 0 =+£1 0 (AS)
0 F1 0 0 0 1

stand for four new 3 x 3 matrices. In Eqs. (A.8), ¢45 are non-Hermitian:
@175 = gp& = Y54 7 4,5, but still orthogonal: @}75 = cp;% with cpi5 =

diag(1,-1,-1) = ¢y # 14 (giving 90?1,5 = 1®)), though g0175g0475 =16 In

contrast, all other ¢, (a # 4,5) are Hermitian: gpjl = ¢l = ¢, and equal to

square roots of 13): 2 = 1),

Notice that the sum of eight 4x4 matrices (A.3) is equal to 4 diag(1®+
01,0,0) and, consequently, the sum of eight 4 x4 matrices (A.4) or (A.5) is
equal to 4 diag(1®+a3,0,0) = 8 diag(1,0,0,0). Also for eight 4 x 4 matrices
(A.6) one gets

7
diag(1,1%)) + " diag(1, pa) = 8diag(1,0,0,0), (A.9)

a=1
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where the (strong) constraint

7
19 45 6, =0 (A.10)

a=1

holds.
It is evident from Eq. (A.9) that the (weak) constraint of the form

~0, (A.11)

=~ W N

7
diag(1,13)) + Z diag(1, @)
a=1

if imposed on the state (1,2,3,4)T of four objects, eliminates the object 1,
giving (1,0,0,0)T = 0, while it leaves the objects 2,3,4 non-constrained, be-
ing identically satisfied for (0,2,3,4)T. Therefore, similarly as in the case
of four-group, also in the case of group D4 the “physical” objects 2,3,4
might be interpreted as three active neutrinos v,,v,,v;, while the elimi-
nated “unphysical” object 1 as one light sterile neutrino v5. Then, the state
(2,3,4)T = (ve,vy,v-)T of three active neutrinos would be acted on by the
reduced representation 3 = diag(1,2) of group Dy, consisting of eight 3 x 3
matrices 13), ¢, (a =1,2,3,4,5,6,7). This is similar to the case of four-
group, where the reduced representation 3 = diag(1,2) consists of the first
four of these matrices only.

We know from Egs. (20) and (21) that in the limit of m; —mg — 0 the
effective neutrino mass matrix M (with s13 = 0) given in Eq. (18) is invari-
ant under the four-group. In fact, it commutes then with 1(3),cp1,g02,cp3.
It is not difficult to see that, even in the limit of mq — mo — 0, the effective
matrix M (with s;3 = 0) does not commute with ¢4 5 and ¢g 7. This follows
from the commutation relations

0 0 0
[p3, a5 = (w6 —pr) =2 0 £1 0 | #0,
0 0 F1
0 0 0
l3,067] = £(pa—ps)=2[ 0 0 £1 | #0. (A.12)
0 F1 0

Thus, the matrices representing the coset of four-group in D, spoil a part
of the invariance of the effective neutrino mass matrix M (with s;3 = 0)
under the group D,4. This group is perhaps too large and so, the embedding
of four-group into D4 not necessary.
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Of course, in the limit of my — mg — 0 following the previous limit of
mj —mg — 0, the invariance of M under Dy holds trivially. In fact, Eq. (18)
can be rewritten in the form

_ it ma (s _mitma 1/
M =TT 4 (g y 2(1 +¢3)

_l’_

2

mo — MM
2 2

1 1
Csol = (1 — ¥2) + Ssol o (C23 A1 — 823)\4)} , (A.13)

giving M 1) in the limit of m1 — mo — 0 and mo — m3 — 0. Recall
that the limit of m; — mo — 0 was shown to be necessary and sufficient to
extend the invariance of M under the subgroup Z, represented by 1(3) and
3 to the invariance under the whole four-group Zs x Z, represented by 1¢)
and 1, 2, 3. In the case of my # mo, the coset of this subgroup in the
four-group, represented by 1 and o, spoils a part of the invariance of M
under the four-group.

REFERENCES

[1] Q.R. Ahmad et al. (SNO Collaboration), Phys. Rev. Lett. 87, 071301 (2001).

[2] Y.Fukuda et al. (SuperKamiokande Collaboration), Phys. Rev. Lett. 81, 1562
(1998); Phys. Lett. B 467, 185 (1999).

[3] M.H. Ahn et al. (K2K Collaboration), Phys. Rev. Lett. 90, 041801 (2003).

[4] K. Eguchi et al. (KamLAND Collaboration), Phys. Rev. Lett. 90, 021802
(2003).

[5] For a recent review cf. V. Barger, D. Marfatia, K. Whisnant, Int. J. Mod.
Phys. E12, 569 (2003); M. Maltoni et al., hep-ph/0405172; M.C. Gonzalez-
Garcia, hep-ph/0410030; G. Altarelli hep-ph/0410101.

[6] M. Apollonio et al. (Chooz Collaboration), Eur. Phys. J. C27, 331 (2003).

[7] C. Athanassopoulos et al. (LSND Collaboration), Phys. Rev. Lett. 77, 3082
(1996); Phys. Rev. C58, 2489 (1998); A. Aguilar et al., Phys. Rev. D64,
112007 (2001).

[8] H. Murayama, T. Yanagida, Phys. Rev. B52, 263 (2001); G. Borenboim,
L. Borissov, J. Lykken, A.Y. Smirnov, J. High Energy Phys. 0210, 001 (2002);
G. Borenboim, L. Borissov, J. Lykken, hep-ph/0212116.

[9] A.O. Bazarko et al., hep-ex/9906003.

[10] W. Kroélikowski, Acta Phys. Pol. B 34, 4125 (2003); Acta Phys. Pol. B 34,
4157 (2003).

[11] E.P. Wigner, Group Theory and Its Application to the Quantum Mechanics
of Atomic Spectra, Academic Press, New York and London 1959.



The Four-Group Zs X Zs as a Discrete Invariance Group of ... 879

[12] W. Grimus, A.S. Yoshipura, S. Kaneko, L. Lavoura, H. Savanaka, M. Tani-
moto, hep-ph/0408123 and references therein.

[13] W. Grimus, L. Lavoura, Acta Phys. Pol. B, 34, 5393 (2003) and references
therein.

[14] E. Ma, hep-ph/0307016; hep-ph/0409075 and references therein.



