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We onsider a possibility of two-boson pairing in a dilute 2D Bosegas on a latti e with strong hard- ore repulsion U and a Van der Waals
attra tive tail V . The phase diagram of Bose gas onsisting of one sort of
stru tureless bosons ontains only two regions: the usual one parti le Bose
Einstein ondensation (BEC) and the region of total phase separation on
the MottHubbard Bose solid and dilute Bose gas. But in the system with
two sorts of stru tureless bosons the reation of the two-parti le ondensate
(hbbi 6= 0) is possible. We show that the full set of equations for stability
of homogeneous two-parti le ondensate is satised.
PACS numbers: 03.75.Fi, 74.20.Mn

1. Introdu tion
The problem of two-parti le pairing in Bose systems is interesting not
only from the point of view of 2D Bose systems in magneti traps but also for
the theories of biex itons in semi ondu tors, S hwinger bosons in magneti
systems and holons in HTSC. In the latter ase a possible two-holon pairing
in the slaveboson theories of super ondu tivity an restore a required harge
2e of a Cooper pair. The rst attempt of the investigation of the possibility of
two-parti le pairing versus one parti le BoseEinstein ondensation belongs
to Valatin and Butler [1℄. Later on Nozieres and Saint-James [2℄ showed
that in 3D stru tureless Bose gas with attra tive tail either standard oneparti le BEC is more energeti ally bene ial or phase separation takes pla e
earlier than the two-parti le Bose pairing. As a next step Ri e and Wang [3℄
onje tured that the two-parti le Bose ondensation is possible in 2D hardore Bose gas with attra tive tail. Later on the present authors showed
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that the Bose gas without internal stru ture with attra tive intera tion is
unstable against phase separation [5℄. Hen e there is no region of twoparti le Bose- ondensate (hbbi 6= 0 while hbi = 0) in this type of models.
The aim of the present paper is to show that there is the set of models, in
whi h the two-parti le pairing an be realized. In parti ular we demonstrate
that in the ase of Hubbard model for a Bose gas onsisting of two sorts of
bosons with repulsion between the parti les of the same sort and attra tion
between the parti les of dierent sorts the stability onditions against the
phase separation are satised. Hen e in these systems the two-parti le Bose
ondensate an exist.

2. Two-parti le pairing of stru tureless bosons on a latti e
First let us remind the properties of two-parti le ondensate in a Bose
gas. We will onsider a Bose gas on a 2D square latti e with onsite repulsion
U and nearest neighbors attra tion V des ribed by the Hamiltonian
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where ni = byi bi is a 2D boson density. The bound state energy is given
by the pole in the T matrix problem [4, 5℄. Due to hard- ore repulsion the
bound state exists only for the potential strength V > V , where V = 4t
is a threshold value (see for details [5℄). The energy of the bound state is
given by
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where W is a bandwidth and  = (V
The possibility of the pairing in medium is determined by the existen e
of the pole in the solution of the BetheSalpeter equation
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where the jj are respe tively eigenfun tions for s-, p- and d-wave pairing
and T (2) is a orresponding T matrix. The onservation of parti les gives
an equation for the hemi al potential
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p2 =2m + j~j is the spe trum of almost an ideal Bose gas.
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The system of the equations (3) and (4) has a solution for an s-wave
hannel at temperature T  T0 = ln  where T0 = 2n=m is degenera y
temperature. It orresponds to riti al temperature of two-parti le pairing.
The real ollapse of the system is prohibited by strong onsite repulsion U ,
but the system an be unstable towards phase separation onto two lusters.
First luster has n1 ! 1 and is lo alized due to MottHubbard onsiderations. And se ond luster has a density of parti les n2 ! 0. A simple
analysis shows that the phase separation takes pla e for V > Vps  2t.
As a result we obtain the following phase diagram for the system of
the stru tureless bosons: for V < 2t we have at low density the standard
one-parti le BEC. For V > 2t the phase separation takes pla e. For large
densities n = n  1 (n = 1 for stru tureless bosons) the system undergoes
a transition to the MottHubbard Bose solid.

3. Possibility of two-parti le pairing for the two-band
BoseHubbard model
Now let us show that there is a lass of models with two-parti le ondensation. We will onsider the two-band Hubbard model for two sorts of
stru tureless bosons. The Hamiltonian of the system has the form

H

=
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ai aj
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where ta and tb , na and nb are, respe tively, the hopping matrix elements
and densities for bosons of sorts a and b. For simpli ity we will onsider
the ase ta = tb and assume that the bottoms of the bands oin ide. In the
Hamiltonian Uaa and Ubb are Hubbard onsite repulsions for bosons of sorts
a and b. Finally Uab is an onsite attra tion between bosons of two dierent
sorts. Note that the same Hamiltonian des ribes the two-layer situation
with interlayer attra tion and intra-layer repulsion.
Let us onsider the low density limit with equal densities of both sorts of
bosons, that is when both na = nb = n  1. In this limit we must repla e
the Hubbard intera tion Uab by the orresponding T matrix. The relevant
expression for the T matrix Tab is given by

Tab (E~ ) =

1

Uab

;
2
Uab 4dp2 p2 =m1+jE~ j

R

(5)

~ = E + W.
where E
The results of the previous se tion for the bound state (2) and riti al
temperature are still valid. But in this ase we should substitute a oupling

594

D.V. Efremov, M.Yu. Kagan

onstant by  = mUab =(4 ). Note that there is no threshold for pairing in
this ase. We also want to mention that in this ase the oheren
p e length
an
be
larger
than
a
mean
distan
e
between
parti
les
(

= 1= 2mEb  a =
p
1= n). Therefore, the pairs an be not only lo al but also extended.
Let us investigate the stability of the system against phase separation.
The hemi al potential in leading approximation an be written in the following form a = Taa na jEbound j=2 and b = Tbb nb jEbound j=2: By
dire t al ulations it is easy to see that all required onditions for stability are satised: a =na > 0; b =nb > 0 and (a =na )(b =nb )
(a =nb )(b =na ) > 0 for Taa > 0 and Tbb > 0. Hen e the system is
stable against phase separation.
Now we omplete the phase diagram for the system with two sorts of
bosons. The resulting phase diagram is quite dierent from one for the
system onsisting from one sort of stru tureless bosons. It has no region of
phase separation. At low densities for repulsive Uab we have usual BEC, but
for attra tive Uab we have already the s-wave two-parti le pairing. For large
densities n = n  1 the system undergoes a transition to the MottHubbard
Bose solid.
In on lusion we showed the possibility of realization of two-parti le paring in the system of two sorts of bosons with repulsion between the same
type of bosons and attra tion between dierent sorts. We demonstrated that
the ne essary onditions for stability of homogeneous two parti le ondensation are satised. The more dire t appli ations of the present results with
two sorts of bosons are onne ted with SU(2) slaveboson theories of high
T super ondu tivity and S hwinger-boson theories of 2D magnets.
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