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The extended Hubbard Hamiltonian is solved analyti ally for the ase of
two-parti les in an innite one-dimensional latti e, using a real-spa e mapping method and the Green fun tion te hnique. The results obtained are in
agreement with the numeri al solution previously reported by O. Navarro
and C. Wang Solid State Commun. 83, 473 (1992).
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1. Introdu tion

The Hubbard model [2℄ is the simplest one used to des ribe orrelations
in narrow-band systems and have been studied extensively. However, even
when the Hubbard model is on eptually very simple, this model is very
di ult to solve in general, but there are few tra table limits. When the
bonding dominates, we have the so alled weak oupling limit whi h leads
to a non-intera ting ele tron gas and is therefore fairly well understood.
Strong- oupling limit, is hardly understood at all. In this paper we wish to
address the low-density limit [3,4℄, two-ele trons in a one-dimensional empty
latti e. We found the analyti al solution of this problem for the extended
Hubbard Hamiltonian, using a real-spa e mapping method and the Green
fun tion te hnique. In Se tion 2. we present the analyti al solution for the
two parti les in an empty latti e, Se tion 3. summarize our results.
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2. Two

orrelated parti le in an empty latti e

The extended Hubbard Hamiltonian may be written in real spa e as

H=

X
hi;j i;

ti;j

+

i; j; +

U

X
i

X
ni;"ni;# + V2 ninj ;

(1)

hi;j i

where hi;j i denotes nearest-neighbor sites, +
i; ( i; ) is the reation (annihilation) operator with spin  =# or " at site i, and ni = ni;" + ni;# ; where
ni; = +i; i; . The transfer integral ti;j will be written as ti;j = t, whi h
means that all the hopping pro ess have the same probability. It is worth
mentioning that in prin iple, the parameters U and V are positive be ause
they are dire t Coulomb integrals. However, U and V ould be negative if
attra tive indire t intera tion through phonons or other bosoni ex itations
are in luded and are stronger than the dire t Coulomb repulsion.
We analyzed the Hubbard model by using the mapping method previously reported [1℄, whi h allows us to diagonalize exa tly the Hubbard
Hamiltonian for an innite latti e and whi h will be very useful to nd the
analyti al solution of two intera ting ele trons in a one-dimensional empty
latti e.
In general, this method will map the original many-body problem onto
a one-body one with some ordered site-impurities in an nd-dimensional latti e, n being the number of ele trons and d the dimensionality of the original system. In this hyper-spa e latti e, the on-site (U ) and the nearestneighbor (V ) intera tions from the original Hubbard Hamiltonian be ome
the self-energies of the site-impurities. So, in order to nd a solution for
the n-intera ting parti les we should solve the new ee tive Hamiltonian
equation
X
X
H = "ib+i bi + ti;j b+i bj ;
(2)
i

i;j

where the operator b+
i reate the many-body states, jii, and "i represents
the self-energy of the two-ele tron states [5℄. Sites represent the two-body
states and not the usual Wannier wave fun tion.
3. Analyti al solution

To nd the ground-state analyti al solution of the two-intera ting ele trons in a one-dimensional latti e, we should nd the solution of the impurity
hain [5℄, using the new ee tive tight-binding Hamiltonian.
The one-dimensional impurity hain has three impurities, one at the entral site with energy "1 = U and two at the nearest-neighbors with energies
"2 = V (at the position l = 1) and "3 = V (at the position l = 1). Let
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us analyze ea h of these ases for the ground state K = 0 ( = 2t) and nd
the binding energy.
(a) The rst ase orresponds to the entral impurity with energy "1 = U
and the other two impurities "2 = "3 = 0. The binding energy   (B +E )
is given by
0s
1
 2
=B 1+ U
(3)
1A :

B

for U < 0, B = j2 j is the semi-band width for the ase of two parti les
within the independent parti le approximation This is the binding energy
for a two-intera ting ele trons in a one-dimensional latti e with an attra tive
on-site intera tion U and a nearest-neighbor intera tion V = 0 [1℄.
(b) The se ond ase orresponds to the system with a entral impurity
with energy "1 = U and a se ond impurity at the position l = 1 with energy
"2 = V and the third impurity "3 = 0, we obtain the binding energy for our
system
0

=B

2

UV (U + V )

q

UV B 2 (U V )2 + B 2
B (B 2 4UV )
2

1
1A

:

(4)

Eq. (4) is valid for U;V < 0 and the ases U > 0; V < 0 or U < 0; V > 0
are limited to UV + B (U + V )=2 < 0.
( ) The general ase, it means, a system with three impurities: one
impurity at the entral site with energy "1 = U , a se ond impurity with
energy "2 = V at the position l = 1 and a third impurity with energy "3 = V
at the position l = 1, we obtain the binding energy  = B (1 x).


x = 6v C2 +
1

v3 u + 10v2 + 4v2 u2 + v4
C2

4

vu + 1 + v2 + 4vu

8


1

(5)

for v  0, and

x=




3 u +10v2 +4v2 u2 + v4 8vu + 1
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+2 8vu 2v
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12v
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for v > 0, where

4

x = EB ;

u = BU ;

v = 2BV ;

(7)
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whi h is valid for E 2 > B 2 . The oe ients C1 and C2 are given by
C1 = 6v 3u2 42v2 u2 + 42vu + 36vu3 3v4 u2 + 12v3 u3 12v2 u4
1=2
4
2
3

v + 33v 6v u 3 ;
5
4 2 42v3 u + 15v4 + 39v2
6v u + 12v u
1=3 :
+ 12vu
1 + C1 )
+3

C2

=

(8)

v3 u3 + 24v2 u2 + v6

8

(9)

The ondition for pairing in our limit of low on entration is
p

(1 +

u)(1 + v)

1

< 0:

(10)

This is the analyti al solution for the binding energy of two-intera ting
ele trons in a one-dimensional innite latti e with an on-site intera tion
U and a nearest-neighbor intera tion V . The analyti al expression is in
omplete agreement with the numeri al solutions obtained previously in real
spa e [1℄.
4. Con lusions

In this paper we studied the diluted limit of the Hubbard model, using
a real-spa e mapping method and the Green fun tion te hnique. In the ase
of two-intera ting parti les using an extended Hubbard Hamiltonian in an
innite one-dimensional empty latti e we have arried out the analyti al
solution for the ground state binding energy. The results are in agreement
with the numeri al solution obtained previously [1℄. It is worth mentioning
that one of the advantages of our study is that we have worked in real spa e,
so we ould be able to analyze ele troni orrelation in non-periodi latti es
or disorder systems.
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