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Since the first measurements in the 80s of total reaction cross sections
from radioactive beams up to the most recent and advanced exclusive experiments for dripline unbound nuclei, our understanding of exotic nuclei
has greatly evolved. This has been possible through a joint effort in the
description of the reaction mechanisms and of the underlying nuclear structure. Most exotic nuclei are weakly bound due to the excess of either
neutrons or protons and they breakup easily in peripheral reactions. We
will discuss in this paper the mechanism responsible for nuclear breakup
and the way it influences elastic scattering and total reaction cross section measurements. Some open problems will be discussed in detail, such
as kinematical effects on core parallel momentum distributions and the
possibility and consequences that such cores be themselves weakly bound.
A general framework for the reaction theory will be used, based on a time
dependent perturbation theory approach. Its eikonal limit will be also
mentioned.
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1. Introduction
There are many reasons to be interested in the physics of exotic nuclei:
they can be found in the crust of neutron’s stars where they do not β-decay
because of the surrounding electrons; by studying them, one could hope to
answer the question: is there a life behind the dripline? How would our world
be if we were made of unbound nuclei? They extend our understanding of
the nuclear force; they help us checking the limits of validity of structure
models. In practice, as far as this work is concerned, we shall try to do
spectroscopy in extreme conditions.
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The present status-of-the-art is that we have very sophisticated structure models and extremely complex experiments with relatively “simple”
interpretations for the data. Ab initio models have started to bridge the
gap between structure and reaction theory (see, for example, Eurisol Lisbon
Meeting report on “Physics of Light Exotic Nuclei” [1]). In this panorama,
one might wonder about which is the rôle of reaction theory and how simple
and/or “complicated” does it need to be? In the following, I shall try to
show that, first of all, the reaction theory helps understanding of the reaction mechanisms. Then, it provides guidance in the search for the best
observable to be measured, in view of the reduced intensity of RIBs. Finally,
I will discuss the accuracy of methods and numerical implementations.
2. Early experiments and theory
A new chapter in the history of studies of nuclear reactions started
around 1985 with the seminal papers by Tanihata et al. [2, 3]. Interaction
cross sections, defined as the total reaction cross sections for the change of
proton and/or neutron number in the incident nucleus, were reported for a
series of light nuclei. The measurements had been done at the Bevalac of
the Lawrence Laboratory in Berkeley for a series of light nuclei at 790A MeV
on light targets. The systematics showed very large cross sections for some
of them. Tanihata et al., in view of the high incident energies involved, used
a simple geometrical model to interpret the data and deduced unexpected
large interaction radii. Some of the “unusual” nuclei were: 6 He, 11 Be, 11 Li,
14 Be. Besides the importance of the unexpected results, these papers were
the first to show that beams of unstable nuclei could be used for nuclear
structure studies. A detailed account of subsequent developments can be
found in Ref. [4]. Very narrow parallel momentum distributions were also
a simple and clear observable measured in the spectrometers [5–7]. It was
soon clear that the anomalous behavior was due to one or two very weakly
bound neutrons whose breakup was dominating the interaction cross section.
Interestingly, it took twenty five more years to see very clearly such effects
in the elastic scattering of 11 Be [8].
One and/or two nucleon breakup cross sections from 11 Be, 11 Li were
measured in some pioneering experiments, and discussed in the Anne et al.
papers [9]. Neutron angular distributions following breakup on three targets
of increasing mass were measured. They allowed to distinguish the nuclear
and Coulomb breakup mechanisms. At the same time, some coincidence
experiments [10] with neutrons decaying from excited states of an heavy
target gave evidence for the presence of possible projectile–target inelastic
excitations associated with breakup along not too peripheral trajectories.
These effects were associated with long tails of the core parallel momen-
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tum distributions. Up-to-date, this interesting phenomenon seen very often
on momentum distributions has not been clarified. More recently, possible
effects of core excitations have been seen and discussed in Refs. [11, 12].
While experiments were planned and performed at various facilities in the
world, the first theoretical interpretations of the early data started to appear.
Hansen and Jonson [13] were the first to propose the presence of a neutron
halo as responsible for the large interaction cross sections and narrow momentum distributions. Other works followed, see, for example, [14, 15] in
which the origin of the halo was attributed to the shell inversion between 2s
and 1p1/2 states caused by core excitations.
2.1. Interaction cross sections and halo decoupling from the core
As mentioned above, Tanihata et al., in view of the high incident energies
involved, used a simple geometrical model to interpret their first data on
interaction cross sections and deduced unexpected large interaction radii.
The hypothesis was that projectile and target would not overlap such that
σ = π(RpI + RtI )2 . Later on the Glauber model was introduced
Z∞
σR =


db 1 − |SN N (b)|2 = σct + σnt ,

(1)

0

where for the first time the decoupling of core and valence particle, later on
identified as “halo” [13], was explicitly considered. It was obtained by first
introducing the optical limit of Glauber theory for the phase shift and then
writing the total density of the halo nucleus as a sum of the core and valence
particle densities, such that
|SN N (b)|2 = e−[σnn

R

dsρp (|b−s|)ρt (s)]

= e−[σnn

R

dsρc ρt ] −[σnn

e

R

dsρn ρt ]

.

(2)

Equation (2) can be obtained only if ρp = ρc + ρn . Such a decoupling of
core and valence particle is justified if ρc and ρn can be considered to span
different regions of the projectile–target distance |b − s|. Thus, ρn must
represent only the peripheral part of the bound state wave function with no
significant contribution from the internal region were the particle is in the
same potential as the core nucleons. For a true halo, this condition is always
satisfied. For normally bound nuclei instead some caution has to be taken.
The second factor in Eq. (2) contains the neutron–target phase shift in
the exponent. If it can be considered small, then to first order


Z
2
2
2
2
2
|S(b)| = |Sct | |Snt | = |Sct | − |Sct | σnn dsρn ρt
(3)
substitution of this expression in Eq. (1) leads to the sum of core–target and
neutron–target cross sections.
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In most halo nuclei, there are no bound excited states, therefore, the
second term in Eq. (3) has been interpreted as the halo breakup probability
such that one finally obtains
Z∞
σnt =

dbc |Sct (bc )|2 Pbup (bc ) .

(4)

0

Here, the no-recoil approximation has been used leading to the substitution
of the projectile–target impact parameter b with the core–target impact
parameter bc . Equations (1)–(4) constituted the building blocks of all subsequent models of halo breakup. In particular, Eq. (4) shows clearly that the
condition that the core will be detected intact is of fundamental importance
for a correct treatment of breakup and is represented theoretically by |Sct |2 .
We will use it in the following for all breakup cross section calculations.
A recent reports on the experimental and theoretical situation up-to-date
can be found in the volume [16].

3. Parallel momentum distributions from breakup
At the early stages of the use of RIBs, besides the interaction cross sections, parallel momentum distributions of the cores following one nucleon
breakup, were measured by Tanihata, Kobayashi and collaborators [5], and
soon after by several other groups at various facilities [17–29]. Based on previous theoretical work [30–34] on normal nuclei, it was soon clear that such
distribution represented a somewhat distorted “photography” of the Fourier
transform of the initial state wave function, and thus could represent a useful
way to perform systematic spectroscopic studies of exotic nuclei. The theoretical seminal papers in this field were Refs. [35–39]. Following some early
publications concentrated on understanding of the reaction dynamics correctly to quantify the amount of “distortion” due to the reaction mechanism
both experimentally [7] and theoretically [40], an intense activity devoted to
spectroscopic studies started with Hansen and collaborators [20] using systematic measurements of parallel momentum distribution and total breakup
cross sections to deduce the angular momenta of the initial states and the
spectroscopic factors which would make the link between data and the shell
model description of exotic nuclei.
The breakup probability in Eq. (4) which is the sum of the elastic breakup
and a second contribution called inelastic breakup or stripping can be obtained if the closure approximation is used [36] in an “all order” eikonal model
more refined than in Eq. (3). This is possible if the nuclei under study do
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not have bound excited states. Thus the total breakup probability reads
Z∞
P−n (bc , k1 ) =

dbv |1 − S(bv )|2 + 1 − |S(bv )|2



ψ̃i (|bv − bc |, k1 )

2

, (5)

0

where S(bv ) is the neutron–target S-matrix. ψ̃i is the one dimensional
Fourier transform of the initial state wave function of the breakup nucleon.
k1 = (εf − εi − 21 mv 2 )/(~v) (cf. Sec. 3.1), is the neutron (proton) parallel
momentum component with respect to the core. Also εi is the initial binding energy of the valence particle in the projectile and εf its final energy
with respect to the target. 12 mv 2 is the incident energy per particle at the
distance of closest approach. By energy and momentum conservation the
core parallel momentum distribution in the laboratory is given by
q
(6)
P// = (Tp + εi − εf )2 + 2Mr (Tp + εi − εf )
such that a measure of the latter is considered to give a direct information
on the momentum distribution of the valence particle in the initial state of
the projectile. Thus, inserting Eq. (5) in Eq. (4) the cross section differential
with respect to the intrinsic parallel momentum in the core is obtained. By
using Eq. (6) and the relative Jacobian, the cross sections become directly
comparable to the measured momentum distributions.
Here, P// is given in terms of the projectile kinetic energy Tp and of
the residual nucleus (Ap − 1) mass Mr . Indicating by Mp,t,n the projectile,
target and neutron mass, respectively, then Eq. (6) is obtained by applying
first energy conservation between initial and final states
Mp + Tp + Mt = Tr + Mr + Mn + Mt + εf ,

(7)

if the target mass is conserved (εf  Mt ), Mt cancels out and
Tr = Tp + Mp − (Mr + Mn ) − εf = Tp + εi − εf ,

(8)

where −εi ≡ (Mr + Mn ) − Mp is by definition, the valence neutron separation energy in the projectile. Under the eikonal hypothesis that energy is converted mainly in parallel momentum, inserting (8) in P// =
p
(Tr + Mr )2 − Mr2 then Eq. (6) readily follows.
In this way, some kinematical constraints can be satisfied even if an
eikonal formalism is used without the need to take the sudden limit [41, 42].
However, if the incident energy is very high and the initial separation energy
very small, then one can take the limits of k1 from −∞ → +∞. Integrating
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back on k1 the momentum distribution, the total breakup cross section reads
2

σnt = Σi C S

Z∞


i

dbc dbv |Sct (bc )|2 |1 − S(bv )|2 + 1 − |S(bv )|2



0

×|ψi (|bv − bc |)|2 .

(9)

This equation is consistent with Eq. (4.17) of [32] and we have considered
that if different initial states contribute to the inclusive breakup cross section (cf. Sec. IV of Ref. [43]) their contribution should be summed both
in the spectra as well as in the integrated cross sections, each weighted by
the relative initial wave function spectroscopic factor C 2 S. This method
has been largely followed in the past years after the seminal applications
presented in [20]. Spectroscopic factors have been extracted from the ratio
of measured and calculated total breakup cross sections, while the angular momentum of the initial state has been deduced from the shape of the
momentum distribution.
3.1. Kinematical effects on breakup
The breakup models discussed in Sec. 2 were introduced having in mind
very high incident energies and small initial state separation energies. Under such conditions, energy and momentum conservation can be neglected.
However, some dynamical effects are always present [34] and become very
important when the separation energies are large and the incident energies
comparable to them. This has recently been verified in relation to studies
of exotic nuclei having large differences in the proton–neutron separation
energies (∆S = |Sn − Sp | ≈ 20 MeV) [11]. Such situations are more accurately described in a time dependent formalism. Starting again from Eq. (4)
if the breakup probability is calculated in the target reference frame, then
the initial state wave function has to be boosted by a Galilean transforma0
tion following which the time dependent exponentials become e−ik1 z eik2 z ,
where k1 has already been defined and k2 = (εf − εi + 12 mv 2 )/(~v) are
the z-components of the neutron momentum in the initial and final state
respectively. η 2 = k12 + γi2 = k22 − kf2 is the magnitude of the transverse
component k⊥ = √
i~η of the neutron
√ momentum in the initial and final
state. Here γi = −2mεi /~, kf = 2mεf /~ and k⊥ is conserved during
the breakup process and it is purely imaginary because the neutron which
in the initial state has negative energy [44] is emitted through a potential
barrier. Because of this, it holds also k2 > kf . It is straightforward to see
from the definitions of these kinematical variables that they satisfy the neutron energy and momentum conservation. In this time-dependent formalism
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that we call transfer-to-the-continuum (TC) [34, 40, 43, 45–47], the breakup
probability reads




dP
~
1
2
2
(2jf + 1)(1 + R)
≈ Σjf 1 − S̄jf + 1 − S̄jf
dk1
2
mv
−2ηb
c
e
1
|Ci |2
Ml f l i .
(10)
kf
2ηbc
S̄jf are neutron–target S-matrices calculated according to the optical model,
including the spin–orbit term of the neutron–target optical potential. The
sum over partial waves in Eq. (10) is indeed a sum over total neutron–target
angular momenta. Ci are the initial wave function asymptotic normalization
−2ηbc
constants. The form factor e 2ηbc is due to the combined effects of the initial
and final wave function Fourier transforms, while Mlf li is due the to overlap
of the angular parts. Detailed definitions can be found in Ref. [34].
Under the sudden (or adiabatic) hypothesis, the parallel momentum distribution of the neutron in the projectile is frozen during the reaction and its
shape should be reflected by the final measured distribution. The available
neutron final energy is all converted into parallel momentum. Interference
effects with the transverse distribution are in this way neglected. The sudden
hypothesis means also that the whole momentum distribution in the initial
state is sampled during the reaction, while the correct kinematical conditions, expressed in the definition of k1 and k2 , constrain the phase space
sampled by the reaction. Also, in the present approach in order to realize
the best energy matching conditions for each possible final energy εf of the
neutron, the reaction mechanism shares the total momentum kf between
the transverse momentum component η and the parallel component k2 , thus
allowing the interference (cf. also Eq. (3) of [40]) between the two corresponding distributions. The factor Mlf li in Eq. (10) contains the interference
effects. Thus measured parallel momentum distribution might look deformed
as compared to the parallel momentum distribution of the neutron in the
initial state.
In order to clarify the importance of the energy sharing between the parallel and transverse components of the neutron final momentum, we show in
Figs. 1 (a) and 1 (b) [34], corresponding to an incident energy of 20A MeV
and 88A MeV, respectively, the following kinematical variables as functions
of k1 the neutron initial momentum with respect to the projectile: k2 , the
neutron final parallel momentum component with respect to the target, by
the dotted line; kf , the magnitude of the total neutron momentum corresponding to each neutron final continuum energy εf , by the dashed line;
η the neutron transverse momentum component, by the solid line. The
minimum values of k1 correspond to εf = 0. Values of all parameters cor-
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responding to values of εf < 0 are not accessible by breakup reactions as
they would rather correspond to the transfer to a final bound state. In both
figures, there is a region corresponding to very small values of η in which
k2 ≈ kf . This is the region of validity of the sudden eikonal approximation.
In fact, in such conditions since the transverse component of the neutron
momentum η is very small, the total momentum kf is all converted into
parallel momentum k2 . In [40] we showed indeed that the condition k2 ≈ kf
was necessary to obtain the eikonal form of the breakup amplitude. In the
same figures, we show as an example, two initial s and d distributions of
the parallel neutron momentum as a function of k1 . The shapes of such
distributions depend critically from the initial single particle wave function
angular momentum through the angular part of the wave function. That
one neutron breakup could be used to measure such distributions was first
suggested in Ref. [47], where normal nuclei were studied.

Fig. 1. Initial state momentum distributions [34], as a function of k1 . For an
s-state full curve peaked at k1 = 0. For a d-state: dot-dashed, dotted and thin
solid curves. The dotted line is k2 , the dashed line is kf , and the solid line is η, see
the text for definitions. (a) Tp /Ap = 20 MeV, (b) Tp /Ap = 88 MeV.

The initial distributions get wider by increasing the absolute value of
the initial binding. Therefore, the eikonal approximation is best justified
in a range of k1 ≈ 0 values and for initial distributions, like the li = 0
one, concentrated in such a region. Figure 1 (b) shows that such a range
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increases by increasing the incident energy. On the other hand, Fig. 1 (a)
shows that at incident energies around 20A MeV an important part of the
initial neutron momentum distribution corresponding to k1 values from −∞
to about −0.5 fm−1 would not be kinematically allowed. Thus using the
sudden limit would give too wide momentum distributions and too large
breakup cross sections.
The kinematical effects discussed in this section have recently been seen
clearly in some experimental data [11] that we show in Fig. 2 (d-quadrant).
The core parallel momentum spectrum following 14 O+9 Be one neutron breakup at 57A MeV is shown. Note that in this case the neutron initial separation
energy is Sn = 23.2 MeV. As expected, the spectrum is very deformed and
shows a cutoff consistent with Eq. (6). Furthermore, in Fig. 3 we show the
amount of cutoff affecting a series of recent data as a function of initial incident energy and separation energy. δp is easily understood by looking at
Fig. 1 as the absolute value of the lower kinematically allowed limit of k1 in
MeV/c. Such results were already predicted in Ref. [42].

Fig. 2. Examples of spectra from Refs. [11].
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Fig. 3. Kinematic relation between the energy per nucleon of the projectile and the
separation energy of the removed nucleon for a given position of the cutoff. The
lines correspond to cutoffs appearing at δ p = 100 and 150 MeV/c with respect to
the center of the “sudden” distribution. Data points are taken from [22–24]. Data
points from [11] are indicated in black/red.

4. Breaking a strongly bound neutron but skipping a weakly
bound proton
The final cross section formula for a reaction in which a strongly bound
neutron is knocked out but a weakly bound proton is not, would read
nop
σTC

= C 2S

Z∞

dbc P−n (bc )e−P−p |Sct (bc )|2 ,

0

where e−P−p ≈ 1 − P−p (bc ), is the probability than the weakly bound particle in the projectile does not breakup. This is equivalent to calculating a
Dynamic Polarization Potential (DPP) from phase shift following [48]
V

|SN N (bc )|2 = e−4δI (bc ) = e−4δI

(bc ) −4δIS (bc )

e

= |Sct (bc )|2 e−P−p (bc ) .

With this new formalism and the S-matrices of Ref. [49], we obtained
the results shown in Table I. The single particle neutron wave function was
calculated in the Woods–Saxon potential given in Ref. [50]. The proton wave
function was calculated according to Ref. [51], as a neutron wave function
having an effective binding energy such as to fit the exact proton wave function of Ref. [50]. The results of Table I are consistent with those of Ref. [50]
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which makes one think that transfer and knockout lead to the same results
about reduction factors if almost all uncertainties due to the difference in
wave functions (structure information) are removed and if the weakly and
strongly bound particle breakup are treated consistently, including kinematical cutoff and the effect of the DPP on the core.
TABLE I
One-nucleon knockout results from 14 O on 9 Be at 53A MeV. Calculated inclusive
cross sections σTC from the TC approach are shown and compared to the measured
(σexp ) cross sections. Theoretical spectroscopic factors C 2 S from [11]. Reduction
factors are indicated and defined as Rf in order to distinguish them from the strong
absorption radius notation (Rs ).
Residue
13

N
13
O

Sp(n)
[MeV]

Jπ

σexp
[mb]

C 2S

σsp
[mb]

4.6
23.1

1/2−
3/2−

58(4)
14(1)

1.83
3.15

34.2
10.9

nop
σsp
[mb]

σTC
[mb]

8.6

53
34.5

nop
σTC
[mb]

27.1

Rf
0.9
0.5

5. Conclusions: past–present–future
At the end of this contribution in which I have tried to present a short
history of some direct reactions used to study exotic nuclei and to enlighten
open problems for the future, let me give you my final remarks and wishlist for the future: from simple halo nucleus beams, we have gone to more
complicated RIBs. Reaction theory needs to follow such developments and
simple eikonal models need to be improved by including kinematics and
a better treatment of the core–target scattering. Knockout: kinematical
complete experiments are necessary with reconstruction of target final state
and core angular distributions if and when possible. It would be nice to
have more proton breakup experiments since we now understand better the
dynamics of their reactions. The past has been characterized by studies at
high incident energy and for weakly bound projectiles. In the future, more
and more strongly bound nuclei will be studied at lower energies at ISOLtype facilities. Then the issues raised here will be particularly relevant.
Some unpublished results presented in this paper have been obtained in
collaboration with R. Charity, F. Flavigny and A. Obertelli. I thank R.C. for
allowing me to use his DOM S-matrices before publication and C. Barbieri
for providing his overlap functions.
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