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Pairs of pseudoscalar neutral mesons from decays of vector resonances
are studied as bipartite systems in the framework of density operator.
Time-dependent quantum entanglement is quantified in terms of the entanglement entropy and these dependences are demonstrated on data on
correlated pairs of K and B mesons, as measured by the KLOE and Belle
experiments. Another interesting characteristics of such bipartite systems
are moments of the CP distributions. These moments are directly measurable and they appear to be very sensitive to the initial degree of entanglement of a pair.
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1. Introduction
Interferometry of neutral mesons is recognized as a powerful and sensitive tool for testing fundamentals of the quantum mechanics. In particular, pairs of pseudoscalar mesons, originating from strong decays of
vector resonances, were proved to be particularly useful in many precision measurements due to their well-defined initial state’s quantum numbers and relatively high production rates. The decays φ(1020) → KL0 KS0 ,
ψ(3770) → D0 D̄0 , Υ (10580) → Bd0 B̄d0 and Υ (10860) → Bs0 B̄s0 were recognized long time ago as very useful for the study of the CP violation [1],
validity of the CPT and Lorentz invariance [2] or search for quantum decoherence [3]. On the other hand, in the case of complex initial states
where the meson source does neither have well-defined quantum numbers
nor symmetry properties and can be a spatially extended object, as e.g.
in nuclear collisions, meson interferometry is often used to study both the
spatio-temporal characteristics and the degree of coherence of the source. In
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any case, either the resonance with the well-defined symmetry or a nuclear
fireball, the meson pair can be considered as a quantum bipartite system
with an arbitrary degree of entanglement in the initial state. In order to
describe the entanglement and its dynamics, a formalism using the reduced
density matrix and the entanglement entropy can be easily incorporated and
applied to experimental data. This approach provides a measure of the entanglement in course of the time evolution and an interesting insight into its
dependence on the CP, oscillation frequency or the degree of the initial-state
entanglement.
Reduced density matrices and entropic approach to bipartite systems
show a history of being applied to quantify quantum correlations in condensed matter physics [4]. In the case of pairs of pseudoscalar mesons, many
aspects of quantum entanglement, although not the entropic measures, are
a subject of interest, e.g. in the context of decoherence [3, 5] or testing the
validity or violation of the CP, T or CPT symmetries [6].
Another aspect of interrelations between the CP, entanglement and decay
dynamics can be studied by treating the CP of one part of the bipartite
system as a random variable and investigating its properties by measuring
its moments: the mean value, variance etc. It turns out that the timedependent moments of CP, both their absolute values and shapes, are very
sensitive to the initial-state entanglement and the decay dynamics of mesons.
Such approach is yet unknown in the literature.
2. Density matrix and entanglement entropy for bipartite systems
Consider two entangled subsystems A and B in states |ψA,B i such that
the whole bipartite system is in the state |ψi = |ψA i ⊗ |ψB i. Each subsystem evolves according to its own Hamiltonian acting only in its subspace,
|ψA,B (tA,B )i = exp(−iHA,B tA,B )|ψA,B i, where tA and tB are the proper
times of evolution of the subsystems A and B. Initially,
|ψ(tA = tB = 0)i =

√

α |ψA i|ψB i +

√

1 − α |ψB i|ψA i ,

(2.1)

where 0 ≤ α ≤ 1 parametrizes an initial degree of entanglement between
subsystems A and B. Using the state |ψ(tA , tB )i, depending on two proper
times and represented in any orthonormal basis, one defines the density
operator ρ(tA , tB ) = |ψ(tA , tB )ihψ(tA , tB )| and the von Neumann entropy
S(tA , tB ) = −Tr ρ(tA , tB ) ln ρ(tA , tB ) .

(2.2)

Evolution of the density operator in time of any of the subsystems, tA or
tB , is represented by a unitary transformation defined by the subsystem’s
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Hamiltonian and acting only in its appropriate subspace
ρ(tA , . ) = e−iHA tA ρ(0, . ) eiHA tA ,
ρ( . , tB ) = e−iHB tB ρ( . , 0) eiHB tB .

(2.3)

Since (2.3) represents unitary transformations, so ρ(tA , tB ) has all required
properties of the density operator: Hermiticity, positivity and unit trace.
Moreover, it has the same von Neumann entropy (2.2) as ρ(0, 0). Here,
the time evolution is naturally determined by the subsystems’ dynamics.
This opens a way to test some possible extensions of the physical picture,
e.g. by adding the non-Standard Model or non-Hermitean terms to HA,B
and looking for their effects on the time evolution, modifications to meson’s
lifetimes or masses, etc.
By using the reduced density operator ρA = TrB ρ, obtained by tracing
over the degrees of freedom of the subsystem B and integration over tB , one
defines the entanglement entropy
SA (tA ) = −Tr ρA (tA ) ln ρA (tA ) .

(2.4)

Since S ≤ SA + SB (equality for unentangled subsystems) and SA = SB , the
mutual information I
I(ρ) = S(ρA ) + S(ρB ) − S(ρ) = 2SA − S

(2.5)

quantifies the entanglement between subsystems A and B.
3. Degree of entanglement from fits to time-dependent decay
spectra of pairs of neutral mesons
Availability of experimental data motivates us to perform calculations
for two decays: φ(1020) → KL0 KS0 [7] and Υ (4S) = Υ (10580) → Bd0 B̄d0 [8].
Flavour eigenstates of the final-state mesons exhibit a particle–antiparticle
mixing due to the weak box processes [1]. We consider these decays in the
rest frame of the initial resonance but decay times are measured each in the
rest frame of the decaying neutral meson. Final-state mesons fly back-toback with the identical momenta and are detected using their decays in two
detectors. For simplicity, we assume that both mesons decay to the same
final state.
For φ(1020) → KL0 KS0 , where J P C (φ) = 1−− , the final state has to be
antisymmetric and at the moment of decay it reads
√

√
|ψ(tA = 0, tB = 0)i = 2−1/2
α KL0 A KS0 B − 1 − α KS0 A KL0 B ,
(3.1)
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where subscripts A,B refer to the detectors. We consider only decays to the
same final states π + π − . The decay intensity dependence on ∆t = |tB − tA |,
after integrating over tA + tB , reads
p
I(∆t) = αe−ΓL ∆t + (1 − α)e−ΓS ∆t − 2 α(1 − α)e−Γ̄ ∆t cos(∆m∆t) , (3.2)
where ΓL,S stand for decay rates of KL0 , KS0 , Γ̄ = (ΓL + ΓS )/2 and ∆m =
mL − mS ∼ 1 ns−1 . The long- and short-living kaons KL0 and KS0 were
experimentally identified by their decay times. Fitting Eq. (3.2) to the decay
spectrum measured by KLOE [9], one gets α = 0.71 ± 0.31 (cf. Fig. 1).

Fig. 1. Left: Intensity spectrum of decay time difference of pairs KL0 , KS0 → π + π −
measured by KLOE [7] with a fit of Eq. (3.2); Right: Asymmetry between unmixed
and mixed final states in semileptonic decays of B 0 , B̄ 0 , as measured by Belle [8]
with a fit of Eq. (3.4). In both panels, the statistical and systematic errors were
combined.

In the similar case of Υ (4S) → Bd0 B̄d0 , the antisymmetric final state
parametrized with the degree of entanglement α is initially (neglecting small
CP-violation effect) equal to
√
√
|ψ(tA = tB = 0)i = 2−1/2 ( α|BH iA |BL iB − 1 − α|BL iA |BH iB )
√

√
= 2−1/2
α B 0 A B̄ 0 B − 1 − α B̄ 0 A |B0 iB (3.3)
and from its time-dependent states, we build up the time-dependent asymmetry between the flavour-unmixed and mixed states [8]
p
2 α(1 − α) cos(∆m∆t)
Nu (∆t) − Nm (∆t)
A(∆t) =
= −∆Γ ∆t/2
,
(3.4)
Nu (∆t) + Nm (∆t)
αe
+ (1 − α)e∆Γ ∆t/2
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where ∆Γ = ΓH − ΓL is a small number consistent with zero within experimental errors and ∆m = mH − mL = 0.506 ps−1 . The mixed and unmixed states are identified using the lepton sign of the decay B 0 (B̄ 0 ) →
B (∗)−(+) µ+(−) νµ (ν̄ −µ). By fitting Eq. (3.4) to the Belle data [8] (cf. Fig. 1),
one obtains α = 0.55 ± 0.07.
In both cases, the values of α from fits to data do not indicate any significant deviation from the maximal entanglement α = 1/2. It is important
to note the non-maximal entanglement would violate antisymmetry of the
final state. That could indicate an ill-defined CPT operator and a particle–
antiparticle identity, and lead to exotic and intriguing consequences [10].
4. Entanglement entropies for pairs of neutral mesons
The density operator ρ(tA , tB ) has to be expressed in an orthonormal
basis. In the case of neutral mesons, the orthonormal basis (|K1 i, |K2 i)
differs from the non-orthonormal one (|KL0 i, |KS0 i) due to the CP violation,
parametrized by a complex parameter ε, where |ε| = 2.2 × 10−3 and φε =
43.5◦ are precisely known from experiment. Direct CP-violation effects are
much smaller and are neglected. For neutral B mesons, the CP-violation
effect is smaller than 10−3 and can be neglected so that the basis (|BH i, |BL i)
is considered to be orthonormal.
For kaons, the matrix elements of the reduced density matrix ρAi,j =
hK
B
1,2 |ρ|K1,2 iB , i.e. after tracing over degrees of freedom of the meson in
detector B, and after integrating over tB and to the order of O(ε), read
α −ΓS t
ρA11 (t) =
e
,
ΓL
1 − α −ΓL t
ρA22 (t) =
e
,
ΓS
ε∗ α −ΓS t ε(1 − α) −ΓL t
ρA12 (t) =
e
+
e
ΓL
ΓS
p

2(<) α(1 − α) −Γ̄ t  i(∆m)t
i(∆m−π/2)t
+
e
Γ̄
e
+
(∆m)e
,
Γ̄ 2 + (∆m)2
ρA21 (t) = ρ∗A12 (t) .
(4.1)
Since the mesons decay, the density operator has to be renormalized ρA (t) →
ρA (t)/TrρA (t) in order to meet the normalization requirement TrρA (t) = 1.
Using Eq. (4.1), the entanglement entropy (2.4) is found to be (t dependence omitted for simplicity)
SA = −ρA11 ln ρA11 − ρA22 ln ρA22 − 2 [(< ρA12 ) ln |ρA12 |+(= ρA12 ) arg ρA12 ] .
(4.2)
Similar formulae to Eqs. (4.1) and (4.2) can be found for B mesons.
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Figure 2 presents the entanglement entropy dependence on time and the
initial entanglement degree α. For K mesons, the entanglement entropy
exhibits interesting dependence on α, and a time dependence governed by
the oscillation frequency ∆m and large lifetime difference between KS0 and
KL0 . The time when the entanglement is maximal during evolution strongly
depends on α and is related to the location of the interference maximum.
Contrary to kaons, the initial value of SA for pairs of Bs is very sensitive
to α but its later time dependence is weak, due to much smaller difference
of lifetimes of BH and BL . However, for a given α, an average entanglement
entropy in later times for Bs is larger compared to Ks. Dependence of SA
on α for Bs is almost the same for all times.

Fig. 2. Upper left: Time evolution of the entanglement entropy SA for neutral Ks,
for a number of entanglement parameters α; Upper right: α-dependence of SA for
a number of times; Lower left and right: the same dependencies for neutral Bs.
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5. Fluctuations of CP
Mesons in pairs originating from decays of vector resonances carry opposite CP. Since the direction of emission of a meson with given CP is purely
random, the CP at given detector could be naively expected to be a simple, binary random variable. But quantum entanglement, the dynamics of
time evolution and the initial degree of entanglement make this observable
less obvious and more intriguing. We show here some of its interesting dependencies and argue that the moments of CP are sensitive probes of the
initial entanglement of a pair α. Unlike the entanglement entropy, it does
not quantify the time-dependent entanglement itself but the CP registered
by one detector which, contrary to the naive expectation, exhibits a highly
non-trivial and α-sensitive time dependence.
Moments of CP can be found using the time-dependent moment generating function χ(λ, t) and differentiating it to obtain cummulants Cn , n =
1, 2, . . .
X
χ(λ, t) = hexp(iλ × CPA )i =
P (CPA = m)eiλm ,
m


Cn =

∂
−i
∂λ

n
ln χ(λ, y)|λ=0 ,

(5.1)

where h. . .i stands for the expected value in the state |ψ(t)i and CPA is the
CP registered in detector A. The first moments C1 and C2 correspond to the
expected value and variance, respectively. Noteworthy, these moments are
directly measurable by registering the identified long- or short-living mesons
in one of detectors and correcting for CP violation.
For the φ(1020) → KL0 KS0 , keeping only terms to linear order in ε, the
cummulant generating function is equal to
χ(λ, t) = P (CPA = +1)eiλ + P (CPA = −1)e−iλ
(1 − α)e−ΓL t eiλ
αe−ΓS t e−iλ
+
.
= 2
ΓL /4 + m2L
ΓS2 /4 + m2S

(5.2)

The first moment, or the mean value, of CP is equal to
Γ 2 +4m2

C1 (t, α) = hCPA (t)i =

α − (1 − α) ΓL2 +4mL2 e∆Γ t
S

α + (1 −

S

Γ 2 +4m2
α) ΓL2 +4mL2 e∆Γ t
S
S

.

(5.3)

In particular,
C1 (t, α) −−→ 2α − 1 ,
t→0

C1 (t, α) −−−→ −1 .
t→∞

(5.4)
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Similar formulae are valid for B mesons. In the limit of long time, only
the long-living components with CP = −1 survive and all short-living ones
with CP = +1 die out. This effect is clearly seen for K mesons where the
difference between the K1 and K2 lifetimes is large. For B mesons, the
time dependence is qualitatively the same but weaker since the BH and BL
lifetimes are close to each other. Figure 3 presents the C1 time dependence
for the K and B pairs.

Fig. 3. Left: the time dependence of the mean CP in detector A for neutral K meson
pairs, parametrized by the degree of initial coherence α; Right: the same for the
B meson pairs.

The second moment, or the variance of CP, is equal to

C2 (t, α) = CP2A − hCPA i2 = 1 − 

Γ 2 +4m2

α − (1 − α) ΓL2 +4mL2 e∆Γ t
S

α + (1 −

2

S

Γ 2 +4m2
α) ΓL2 +4mL2 e∆Γ t
S
S



(5.5)

and similar formulae hold for B mesons. Particular values are
C2 (t, α) −−→ 4α(1 − α) ,
t→0

C2 (t, α) −−−→ 0 .
t→∞

(5.6)

For large values of t only the long-living components KL0 and BH survive and
the CP distribution narrows down to zero width. The variance can be non1
monotonic only for kaons and the maximum is located at t0 = ∆Γ
ln[α(1 −
Γ 2 +4m2

α) ΓS2 +4m2S ] and t0 > 0 only for α & 0.5. The t0 becomes infinite as α → 1.
L

L
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Fig. 4. Left: the time dependence of the variance of CP in detector A for neutral
K meson pairs, parametrized by the degree of initial coherence α; Right: the same
for the B meson pairs.

6. Conclusions
It this paper, we propose an approach providing a new insight into the
quantum entanglement in neutral meson pairs. Such a pair is treated as a
quantum bipartite system where the degree of initial entanglement is allowed
to be a free parameter, thus allowing for a possible imperfect coherence in
the initial decay and quark hadronization. At the same time, it also allows to test the parity of the final state and thus examine the correctness
of the fundamental assumptions on the Bose–Einstein symmetry and CPT
invariance. The entanglement parameter was determined from data on decays φ(1020) → KL0 KS0 and Υ (4S) → Bd0 B̄d0 and found to be consistent with
the maximal entanglement, although with a rather large error. In order to
quantify the degree of entanglement in course of the time evolution of a
system, the entanglement entropy is calculated and discussed. This quantity appears to be very sensitive to the initial entanglement and exhibits
interesting dynamics. Another quantity, strongly dependent on both the
entanglement and dynamics of meson decays, are moments of the CP of
one subsystem. These observables exhibit stronger and non-monotonic time
dependence for pairs of K mesons than for B mesons due to larger lifetime
difference between the components of opposite CP.
This work was supported by the National Science Centre, Poland (NCN)
grant 2013/08/M/ST2/00323.
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