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ON THE PARTICLE DECAYS IN THE THEORY WITH NON-COMPACT
GROUPS
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The SL(2, C) group is considered as the internal symmetry group. The vector-coupling
coefficients for the irreducible unitary representation of SL(2, C) are calculated. The matrix
element for the decay of spin 1 particle into two spinless particles, is calculated.

1. Introduction

Recently a series of papers by Budini and Fronsdal [1], Fronsdal [2], 3], Riihl,
Salam et al. [5], Nguyen van Hieu [6], [7], Dao Wong Duc and Nguyen van Hieu [8], [9]
has been devoted te the application of non-compact groups to elementary particles, The
non-compact symmetry group G is given as the semi-simple product of the Poincaré group P
and some non-compact symmetry group:

G=Pi=i8

In such a theory particles are classified according to some irreducible (infinite-dimensional)
representation of the internal symmetry group S. For the group S, the groups SL (2, C),
U(6,6) etc. can be chosen®. It is, in fact, possible to calculate the matrix elements of physical
processes in the theory which is consistent with the unitarity condition. But the problem of
calculation technique is non trivial one, because the considered symmetry groups are non-
compact.

The attempts of performing such calculations were made by some authors. In partic-
cular, in the paper of Bisiacchi and Fronsdal [10] vector-coupling coefficients for the
SL(2, C) group were obtained under some restrictions imposed on the parameters determi-
ning the irreducible representations of this group. In the present paper a method of calcula-
tion of the vector coupling coefficients for the group SL(Z, C) is proposed which does not
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Y In paper [7] the possibility of introducing the unitary S-matrix into the theory of infinite multiplets

was considered.
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impose any restrictions on the parameters determining irreducible unitary infinite-dimen-
sional representation. Applying the matrix elements of the transition from the non-physical
basis to the physical one of the little group of SL (2, C),, given in the paper of Dao Wong
Duc and Nguyen van Hieu [9] we obtain the expressions for matrix elements of decay proc-
esses up to some scalar factor. In the last paragraph of the present paper we consider, as
an example, the case of the decay of the spin 1 particle into two spinless particles. The
result that the decay p—27 is not forbidden, is obtained by calculations of some higher
orders in the power expansion in energy in contrast with the result obtained in {10].

The method of the present paper can be applied to the calculation of an arbitrary ver-
tex containing particles corresponding to irreducible representations of SL(2, C) both
for principal series and for supplementary one. This method can be also applied to an
arbitrary group SL(n, C); we consider the group SL(2, C) as the model to illustrate the
method.

2. Vector-coupling coefficients for SL(2, C)

We denote the set ¥ and g of the parameters, characterizing irreducible unitary represen-
tations of SL(2, C) by «. For the principal series » is a non-negative integer or half-integer,
o is real; for supplementary series ¥ = 0, —1<ip <0, i. e. now g is imaginary. We shall
denote the basis vectors of the irreducible unitary representations of SL(2, C) by |a, j, m),
where j characterizes the finite-dimensional irreducible reprezentation of the maximal
compact subgroup of SL(2, C). This basis will be called canonical basis.

In order to obtain the vector-coupling coefficients it is necessary to construct the in-
variant of the group. We start with constructing the formal expression for the invariant
in the case of three state-vectors in the SU(2) group:

=% (717:1 7]:2 ;73) |ajume | oafama | s foma) (1)
e =0

where (] 1 J2 ]3) are 3-j symbols of Wigner, the invariant of SL(2, C) is obtained by multi-
My Ty, Mg

plying (1) by the vector-coupling coefficient [‘2 j: jc:] and summing up over jj,ja,Ja:
= 0y g %3 | JvJe Js . . ]
J= J; []-1 ja fsJ m;m (m1 my ma) \ @y J1 M| g o M|t 5 m3) @)

From the definition of an invariant of the group we have for each generator X; of this
group the relation

X,‘J - O
This relation is, of course, fulfilled for the compact generators I, of SL(2, C). Since non-
-compact generators can be expressed by the commutators [H, Fy], it is sufficient to utilize

only the relation

FaJ=0 ®3)
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where F; operates on the basis vectors as follows (see ref. [11])
Fylajmy = CL(j, j—De, j—1, m) +
+Ca( Dlegmy + Co(fs j+ Dot j+1, m) @
F; applied to (2) denotes the function
Fy= F{P+FP L FY @)

where F{? operates in the space of vectors |a, j;m.>. Inserting (2) into (3) and using (4)

1o and (4') we obtain the recursion relation for vector-coupling coefficients
?f €= (j,+1,7) @y Xy | (1+1 ] Js 4
P~ h Y jit1yj m, mym
i1 23 1 Mg Mg
5 ooy [y Ja J
) ce 1%g %3 1 J2 I3
g + mx(]l’ 1)|: ] ]3] (m1 m2 m3 +
Q @is ] g ay ey | (j1—1j2 Js
§ Gl i) h—1j27s my mying +
= . @ ag| {jijet1 ]
e @ 1 1 %2 3 1 3
2 + G2 +1, jo) [11 2+1J3]< g +
RN R 1 i J2 U
< + C2 (1, [ 1R .3] ( 3) +
E JarJ2) | J1J2 ]3| \Iy Mgy
= .
S €% (j—1, /) %y &y J1Je—1Js 4
S m\J2T 0 2 7 ]2—1]3 my my my
o
- +C% (5 +1, jy) “1“2 &3 i Je Jatl 1
&) 3 Y ideist+1] \mymy my
N
S Ctza( lj)lioflofzo%:' <]1 T ]3)
S matJ 8 WENE My My My
< N 2 2 i Jo Ja—1
= +C2 (js— @{Fﬁjlf”ﬂ3 = 0. (5)
O J1J2ls my My Mg
<

Here
Ci(j—Lj) = VjP—m2 ¢,
Ci(j+Lj) = —V(j+1)2—m2 G, ,
Ca(juj) = —m A,

v o/ —7’2)(] +02) 6
A= ]/ ©
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From the recursion formula (5) we can, in principle, obtain explicit expression for arbitrary
0ty Oty Oty

J1JeJs
here only expressions for vector-coupling coefficients for the low values of j;. We remark,

vector-coupling coefficient [ ] Since the calculations are cumbersome, we give

1 0o & Qy Ay & . . ' . .
that the coefficients [ 0 02 03] and [ 11 12 03] remain arbitrary; we normalize them to unity;
2 2

4G) = VTAET, il = [‘f‘l".‘z‘f‘a]

O J1 23

7 /3 4P =401 140

= oi="y A0 a0

- V3 [A,(D]*— [ 4D~ [4,(D]

2 o= ROV

= V3 (A [ 4] —[4,D)]

5 [L1or= 4,0 Ay(D)

— _ 1 [0g¥a—0y¥y 03V3— 011 91”1 02%3
2 t=5 {Azu)Ag(l) A+ ayaay 0T ama,n 0 )}
S 211]— {_ ? (vaa—7s09)[1 11] + é% [Aza)u 01] +
S . )

= AM110]— 3 4,101 11]}1(7)

= Y 3

5 21— {_ V3 (g0 rig)[1 11] + 2V2[ L(I10] +
o

5 +A,(D[011] — -;; 4,110 1]]}221(7)

: TR o

EC) [ |=9— o5 (”191_7’292)[1 11] + 21/2 [Al(l)[o 11] +

AMI0T] — 4 4011 01}}@

[ll 1] J 1’2@2 Volo— V10 _1 10
22 T2 40 T2

1.1 11
The symbols I:E 1 E] and [1 > E} are obtained by cyclic permutation.
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3. Matrix elements for decays

Now we apply the results of the previous paragraph to the calculation of the decays
of particles belonging to infinite multiplets of SL(2, C). We have shown, that the basic
vectors of the irreducible unitary representations of the group S can be expressed in the
form |ajm).

Since the symmetry group G is the semi-simple product of the Poincaré group P and
the internal symmetry group S, the state vector can be represented in the form

|ps, @jm) = |ps)® |ajm).

10

Z The basis formed by these vectors, called in [7} the canonical basis is the non-physical

F~  one. We pass to the rest system by the Lorentz transformation 4, j:

= |ps, aim) = U(A,.3)|p» ajmy = UP(R,.3)| ps>® U*(Ay.3) |tjm.

> ~

T The vectors on the r. h. s. of this equation will be denoted by |ps, ajm). We shall con-

Q sider the case s = O only. Then the physical basis can be expressed by the vector |p, ym)

§ in the following way

7} ,p’ “]’;”> = D]j‘m,j’m'(}‘p«;)lp’ aj’ml .

~ Since the state vectors | ps ajmy have the form of the direct product given above, we have
finally

= t~ " .

S |5 = Dy ) 0> o

% The coefficients Df, ., have been obtained in the paper by Dao Wong Duc ans Nguyen

8 van Hieu [9] and have the form

- 1 = O (1)@ D)) - m)

El:) Jmaim = ST J 4 J J—

~ . . . o o "

s (GGG Hm) G —m) WG A G =) T @8

5 Z( e @d+d +m+)(j+j —d—d —m—)!

< — d!d' Vj—m—A)(j—m—d) (v+m+d) (v+m' +d) (j—v—d) {(j'—v—d')!

= '82(2d+m+v+1+ ?)F(j’—l—l—l-% yd+d tmyr1; i +2, 1_84) ,

where F is the hypergeometric function. Using (8) we write out the matrix elements of the
decay of a particle into two particles belonging to the infinite multiplet of the group SL(2, C)
as follows

@101 q2v292j2m2|T|pA V303]3M3)

=3 T D a) D) [(vlel) (v502) (”:?93)](] J 7];,) Fis. 1) ©)

77 fma, j'm’ ] J3 m m
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We consider now, as an example, the decay of a spin 1 particle into two spin O particles.
We restrict ourselfs to the case, when v, = v, = 0, p; = p, and »; = 0.1. Let us denote
by I, the contribution of the case »; = 0 and by I the contribution of »; = 1 to the matrix
element. We get

. o 03| (001 Dl oo
Iy= Dg%,ong%:Oo [%1%2 03] (0 0 0) -|—D88,10D88,00 [911 002 ﬁs] <O 0 0) "

201
+Dgg: 20D88§00 [921 902 913] (O 0 0) ...

10

7 . 010 011 + e 0205|021

= +Dg¢i0eD 10 [01 12%3] (000) +Dg800 D08 00 [%1 22 13] 000) teee (10)
g - terms of higher order in j, which will not be taken into account.

= Performing the calculations in (10) we get for I,

7 e (124)"

o, 7\ 1+t

':; - 0y

= [84(1 )F (2+ ’gl 1;3; 1—84) F (1+ ’gl 1;2; 1—84) +

= 2(3‘ 19‘) i 4 731 "

@) +e F 2—!—2 ;2;3;1—& F 1+2 1;2; 1—&}) + ...

=

=

S I, can be obtained from I by changing v; = 0 by »; = 1. We obtain at once

S

R L=0

=

QO

A 4. Results and discussion

N

T The recursion relation (5) derived in section 2 allows to obtain exact values of vector-
Ay _coupling coefficients for SL(2, C) with the help of simple (but somewhat cumbersome)
E algebraic operations.

QO The functions D (see (8)) used in section 3 in the construction of matrix elements
U contain hypergeometrical functions. But the series in (9) is slowly convergent for arbitrary

energies £. Therefore in order to apply this theory to the investigation of physical processes
it is necessary to consider only low-energy processes. But the same conditions are necessary
for preserving the exact symmetry. Therefore we restricted ourselfs to the first two terms
in the calculations of (11). Let us remark that if the group SU(2) as the group of internal
symmetry is used, the p—>27 decay is forbidden. But if we apply the little group SU(2),
as internal symmetry group, the decay p—2 is allowed. This means that the group SU(2),
takes into account the orbital angular momentum.

The authors thank Dr Nguyen van Hieu for useful discussions.
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